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ON THE STRUCTURE OF UNITARY GROUPS (II).* 


By JEAN DIEUDONNE. 


1. This paper adds some miscellaneous results on unitary groups to 
those which have been proved in [4]. In sections 2 to 6, I show how the 
study of unitary groups over a field of characteristic 2 can always be reduced 
to the case, considered in [4], in which the hermitian form is “ trace-valued.” 
In section 8 to 12 I prove that, with a single exception, quasi-symmetries 
generate the unitary group, and deduce from that fact certain information 


on the determinant of a unitary transformation. 


2. The terminology and notations are those of [4]. When XK is a sfield 
of characteristic 2 and f an arbitrary nondegenerate hermitian form over 
the n-dimensional space H, we are going to see that the structure of the 
group U,(K,f) can essentially be reduced to that of another unitary group 
Um(K, f:), where f, is a “ trace-valued ” form, that is, such that every value 
f.:(y,y) in K can be written €-+ &. We observe here that the case in which 
K is commutative and J the identity is included in what follows, and gives 
back the treatment of the groups leaving invariant a symmetric form over a 
field of characteristic 2 ([2], p. 60), of which the following is obviously a 
generalization. 

Let V be the subset of FE consisting of vectors x such that f(a, 7) has 


the form é+ &; owing to the formulas 


f(a+y,c+y) +f(yy) + (F(z 
and 
f (xd, cA) = (x, 

V is a vector subspace of H. Let V* be the subspace orthogonal to V, 
V,=—Vn V*, V.a subspace of V supplementary to V,; let g be the dimen- 
sion of V,, m that of V.. V* has, then, dimension n — (m + q); let Vz be 
a subspace of V* supplementary to V;, of dimension n -——m—2q. and 
V, are non-isotropic, and are orthogonal to each other, therefore V, + V3; is 
non-isotropic; so is therefore (V.-+ V;)*, which has dimension 2q and is 
supplementary to V.+ V;. For future purposes, we prove the following 


lemma: 
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Lemma 1. There exists a basis  (1S1S2q) of (V2+V3)* 
= V.* 1 V;* such that the vectors e,,@2,° -*,€q form a basis of V, and 
that f(e€, q:3) =0 for f (ei, eq) = 1 for 


It is clear that V, is contained in V.* ) V;*. Let e; #0 be an arbitrary 
vector in V,; e, cannot be orthogonal to V.* M V,;*, for as it is already 
orthogonal to V.-+ V3, it would be orthogonal to H, which is contrary to 
the assumption that f is nondegenerate. There is therefore a vector e,,; in 
V.* such that f(e1, 0, and as e, is orthogonal to V,, ég,, is not 
in V,; by multiplication of eg,, by a scalar, we can suppose that f(e1, ég1) = 1. 
As f(é:, é:) = 0, it is readily verified that the restriction of f to the plane P 
generated by e, and eég,, is nondegenerate. Therefore the (n — 2)-dimensional 
subspace P* orthogonal to P is supplementary to P; moreover, P* contains 
V.-+ V3, and the hyperplane H generated by P* and e, is orthogonal to e, 
and contains V,; it follows from this that the intersection P* N V, is (¢ — 1)- 
dimensional. We can then prove the lemma by induction on q, since the 
restriction of f to P* is nondegenerate, and the subspace of P* where f(z, x) 
is “ trace-valued ” consists of VM P* = V.+ (V, 1M P*); there exists there- 
fore a basis é2,° - €g, €gs2,° Of P* (V2* N such that - -, 
form a basis for P* N V,, and f(é:, gj) = 8; for i= 2 and 7 = 2; it is then 
clear that e; (1 <i 2q) verify the conditions of the lemma. 

We shall designate by V, the subspace generated by €2q; is 
therefore the direct sum of the 4 subspaces V,, Vo, Vs, V4. 


3. Let wu be an arbitrary transformation in the unitary group U,(K, f) ; 
for every re Vz; + V4, we can write u(x) = + w(z), where V; + ‘Vz 
and w(z)eV = V,+ Vz; the relation f(u(x), u(x)) = f(x, x) can be written 


f(v(z), v(2)) + f(w(2), w(2)) + f(v(e), w(x) + f(v(z), w(2))’ = f(x, 2) 


hence 


f(v(x) — 2, v(x) — 2) 
f(v(x), w(x) — x) + (f(v(x), w(x) — 2))’ + f(w(2), w(2)). 


But as w(x) e V, f(w(x), w(x)) can be written A+ A’ by assumption, hence 
the same conclusion is true of f(v(z) — 2, v(x) — 2), from which it follows, 
by definition, that v(x) —aeV; but v(x) —~z is by assumption in V; + V4, 
which proves that v(x) =z in V, + V4, hence u(z) = r+ w(z). 

We next remark that wu leaves V invariant (globally) by definition, 


| 
| 


4 
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hence it also leaves V* globally invariant, and the same is true therefore of 
Vi=VnV*. Let ce Vi, ye V4; the relation f(u(x), u(y)) = f(z, y) yields 


and as w(y) e V is orthogonal to u(x) € Vi, this is equivalent to f(u(x) — 2, y) 
=(. In other words, u(«) —~z is a vector in V, which is orthogonal to V4; 
but such a vector is therefore orthogonal to H (since V, is orthogonal to 
Vit V.+ hence 0; in other words, u(x) for every Vj. 

Finally, for xe V3, we must have u(r) = x + w(z) € V*, hence w(x) e V*; 
but as w(x) « V, we have w(x) e V;; for every ye V4, we write f(u(x), u(y)) 
= f(x,y), or equivalently 


As z is orthogonal to w(y) e V, and w(x) € V,; is also orthogonal to w(y), 
this relation reduces to f(w(z), y) =0 for every ye Vy; the same argument 
as above proves then that w(r) = 0. 
Summing up, we see that u(r) =z in V* = V,-+ V3, and that in V, 
we may write u(z) + w2(z), with V, and w.(2) € Vs. 


4. As wu leaves invariant (globally) V—V,-+ V2, for re we can 
write u(x) = u(x) + where V2 and v,(2) V;; if ye Vo, the 
relation f(u(z),u(y)) =f(#,y) yields (owing to the fact that V, is ortho- 
gonal to V) 


f(Uo(x), Uo(y)) = f(a, 


This shows that wo is a mapping of V, into itself which belongs to the unitary 
group U,,(K, f:), where f, is the restriction of f to V2; due to the definition 
of V2, f, is nondegenerate and trace-valued, and therefore the study of the 
group U,,(K,f:) can be made with the methods developed in [4]. 

In order to write that u satisfies the identity f(u(z), u(y)) =f (2, y) for 
all pairs of vectors x, y in EH, it remains only to write this identity when ze V, 
and ye V4, or when both z and y are in V,; this yields the two relations 


(1) f(vi(z), y) + fuo(2), waly)) =0 for ve and ye Vs; 
(2) f(a, wily)) + f(wi(z), y) + f(w2(x), we(y)) =0 for ce Vs, ye Vs. 
We want to prove the following 


LemMA 2. For an arbitrary unitary mapping ue Um(K,f:1), and an 
arbitrary linear mapping v, from V, into V,, there exists at least one unitary 
mapping we U,(K,f) whose restriction to Vz is ty + 2%. 


f(u(z), y + w(y)) = fe, 9) | 
| f(x + w(2),y + w(y)) = f(x, 9). 
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Let us prove first that equation (1) determines entirely the linear 
mapping w, of V, into V.. Indeed, for any given ye V4, the mapping 
z—f(y,v:(x)) is a linear form over the vector space V,; as the restriction 
of f to V, is a nondegenerate bilinear hermitian form, there is one and only 
one vector ze such that f(y, vi(x)) for all re V2, and it is 
clear that z is a linear function of ye V,; we can therefore write identically 
f(y, v.(z)) =f(h(y), x), where h is a linear mapping of V, into V.. On 
the other hand, we have f(h(y),7) =f(uo(h(y)), wo(@)) since h(y) € Vo; 
this shows that w.(y) = uo(h(y)), and proves our assertion. 

We have now to determine w, from equation (2); it will be enough to 


verify the equations 


(3) Wi(Cqsj)) Cass) = W2(Cass)) 


for all values of and jSq. Let = equations (3) 
j=l 

become then 


(4) = pi 


where pij = f (W2(€qsi). W2(€q:j)). Now observe that as w. maps V, into Vz, 
pi can be written as a “ trace ” y; + y;7; on the other hand pj = pi;’._ We can 
therefore solve equations (4) by taking for instance aj and pi;’ 
for i<j, fori > j. Lemma 2 is thus completely proved. 


5. For every we U,(K,f), let uy be the restriction of uw to the sub- 
space V; the mapping w— uy is a homomorphism of U, onto a group Gy 
of linear mappings of V into itself, leaving every element of V, invariant. 
We verify immediately that in Gy the subgroup G> consisting of the wy such 
that u.(z) =z in Vz is an abelian normal subgroup of Gy, isomorphic to 
the additive group of all linear mappings of V, into V,, or equivalently to 
the additive abelian group K”%. G, is the kernel of the homomorphism 
Uy > Uo, and this homomorphism maps Gy on the group U,»(K,f,), since 
it follows from Lemma 2 that uw) may be chosen arbitrarily in that last group; 
therefore Gy/G, is isomorphic to U,,(K,/,). Finally, the kernel of u— uy 
is the normal subgroup T of U,, consisting of the transformations w such that 
v,(7) =0 and = for re V2; equation (1) then yields f(z, w.(y)) =0 
for re V, and ye Vy; as w.(y) € Ve and the restriction of f to V. is non- 
degenerate, w.(y) =0 for all ye Vy. Equation (2) then reduces to 


f(x, w.(y)) + f(wi(z),y) =0 
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for re V, and ye V4; and the same argument as in the proof of Lemma 2 
shows that this equation is equivalent to the relations 


(5) + = 0 


for the elements of the matrix of w,. This determines the elements 2; for 
+ <j when the elements a; for 1 < 7 are taken arbitrarily in K; on the other 
hand, relation (5) for ij shows that a; must belong to the set S of sym- 
metric elements of K. As it is readily seen that the group I is isomorphic to 
the additive group of the matrices of the mappings w™,, this group is there- 
fore isomorphic to S¢ K 

Summing up the preceding results, we finally have 


THEOREM 1. The group U,(K,f) has a composition series U, D Ty) DT 
such that U,(K,f)/Vo is isomorphic to Un(K, where mS n and f, ts a 
nondegenerate, trace-valued hermitian form; T)/T is an abelian group iso- 
morphic to the additive group K"™4 and T is an abelian group isomorphic to 
the additive group XK (2g Sn—m). 


6. In addition to the condition m -}+- 2g =n, the numbers m and g may 
have to satisfy additional restrictions due to the nature of the sfield K. 
For instance, suppose K is the reflexive sfield of rank 4 over the field 
Z= &,(X) (field of rational functions of one indeterminate over the prime 
field ¥. of 2 elements), with basis 1, o, 6 and 4» such that o7=—o+ 1, 
6? = X and 606! =o + 1, ([2], p. 73); 1, 6 and 6» constitute a basis for the 
set of symmetric elements, and the “traces” + & are the elements of Z. 
Now, as f(z,x) must not be equal to a trace in Vz, -+ V4, except for xr = 0, 
and in particular f(z, r) 40 for x40 in V; + V4, a classical argument shows 
that there exists in V; + V, an orthogonal basis (¢;) SiS n—m—4Qq), 
that is, such that f(¢;,c;) for iA j. In order that be distinct 
from a trace for x ~0 in V;+ Vy, it is then necessary and sufficient that 
f(¢i, = a6 + with a; and b; in Z and not both 0, and that the 

n—m-( n-m-q 


7 
equations a,NV(é;) =0 and have no solution other than 
4=1 4=1 


&;=0 in the sfield K. But Z is a quadratic inseparable extension of its 
subfield — ¥.(X*), so that we may write a; = p? + Xq?, bs =r? + Xs, 
with pi, gi, Ti; S; in Z. Now if we take & in Z, N(&) = &?, and the equations 
aN (é&) and } (é) are equivalent to the system of 4 linear 
i i 
equations in the & péi—0. Ssisi—O0. Such a 
é i i i 
system has a nontrivial solution in Z as soon as n——_m—gq > 4, hence we 
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get the inequality m + g = n—4, which, coupled with m + 2q <1, yields 
in particular g = 4 and m=n—8. 


7. Theorem 1 makes it possible to study the centralizer of an involution s 
in a group U,(K,f), where K has characteristic 2 and f is a nondegenerate 
trace-valued hermitian form. Such a transformation has the form r>2x+ f(z), 
where x > ¢(z) is a linear mapping of £ onto a totally isotropic subspace U 
of dimension p< 7/2, whose orthogonal subspace U* D U is equal to the 
kernel ¢-1(0) (invariant elements of s). Let V be a non-isotropic (mn — 2p)- 
dimensional subspace, supplementary to U in U* and let W be a totally 
isotropic p-dimensional subspace supplementary to U in the subspace V* 
orthogonal to V. 

The determination of the centralizer I of s follows the same method as 
in ([3], section 25, pp. 35-37), and we refer therefore the reader to that paper 
for detailed proofs. We first consider the normal subgroup I, of T consisting 
of the transformations wu leaving invariant every element in U, and the normal 
subgroup T, C T, of T, consisting of transformations leaving invariant every 
element of U*; it is easily verified that [, is an abelian group. The factor 
group I,/T, is isomorphic to the group I,’ consisting of the restrictions to U* 
of transformations belonging to T,. Within this last group we consider the 
normal subgroup I.’ consisting of the elements which leave invariant every 
class mod. U in the space U*, and I.’ is again abelian. 

On the other hand, for any element v eT,’ and every ze V we may write 
v(z) =v'(z) + v’(z), where v’(z) eV and v’(z)eU; vv’ is a homo- 
morphism of I,’ onto a group I” of transformations of V, which is seen to be 
identical with Un.op(K,f1), where f, is the restriction of f to V; moreover, 
the kernel of v > v’ is T.’, so that T,’/T.’ is isomorphic to Un-sp(K, fi). 

Finally, for every we T and every xe W, let w(x) be the component of 
u(x) on W (in the decomposition of / as a direct sum of U* and W); let 
i(x) =w(x) for re W, a(x) =u(x) for re U and a(x) for ze V. 
It can be verified that i eT, is in the same class as umod.T,, and that u—> @ 
is a homomorphism of I onto a subgroup I of T, isomorphic to I'/T,, con- 
sisting of transformations leaving invariant every element of V (and which 
can therefore be considered as unitary transformations in the nonisotropic 
subspace V* of #), and leaving invariant (globally) U and W. If we take 
a basis of V* consisting of p vectors e; in U and p vectors é),; in W, such 
that f(e, ep.;) =8; (see [2], p. 6 and [4], p. 369), the matrix of @ has 


A 0 
then the form ‘a wv) where A is a square matrix of order p and A its 
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contragredient. For that same basis, the matrix of s is d a where 8 is 


a hermitian matrix of order p (i.e, such that *S = 87) which is non- 
degenerate, but can correspond to a non-trace-valued form f,. The condition 
of permutability for % and s then reduces to AS(*A’) —S, and this proves 
of course that the group I is isomorphic to U,(K, fz). Theorem 1 now shows 
that this group has a composition series in which the factor groups are abelian, 
with the exception of one group isomorphic to U»(K, fs), where m S p and 
fs is a trace-valued form. 

Summing up, we conclude that the group T has a composition series tn 
which all factor groups are abelian, with the exception of two groups 1so- 
morphic to Unop(K,f,) and Un(K, fs), where mS p (possibly m = 0, in 
which case U,,(K, f;) is understood to be reduced to the identity), and where 


f, and fs are trace-valued forms. 


8. In this section, K is an arbitrary sfield with an involution J, and 
f a hermitian nondegenerate form over an n-dimensional right vector space HL 
over K; f is supposed to be trace-valued when K has characteristic 2, and we 
exclude the case of the symplectic groups over fields of characteristic 2; in 
other words, we always suppose there are vectors xe E such that f(z, 7) 40. 
For such a nonisotropic vector a, a qguast-symmetry of hyperplane H orthogonal 
to a is a unitary transformation of U,(K,f) leaving invariant every element 
of H; there are always quasi-symmetries of hyperplane H not reduced to 
the identity ([4], p. 370). 


TueEorREM 2. The group U,(K,f) is generated by quasi-symmetries 
except when n= 2, K =F, and JA. 


Of course, for orthogonal groups over fields of characteristic + 2, this 
reduces to the well-known theorem that the group is generated by symmetries, 
({2], p. 20, prop. 8). 

The theorem being obvious for n—1, we use induction on n. Let 
ueU,(K,f), and suppose we can find a nonisotropic vector z and a scalar 
ae K with the following properties: 1° =a/f(z,r7)a— f(a, 2x); 
2° u(x) — <a is not isotropic. Then, if H is the hyperplane orthogonal to 
u(x) — wa, one can write ra = y + z, where ye H and z is orthogonal to H, 
and similarly uw(z) =y-+ 2’, where 2’ is orthogonal to H; as f(u(x), w(z) ) 
= f(z,2) =f(xa,r%), we have also f(z,z) =f(z2’,2’), hence, as 2’ = 2y, 
yf (z,z)y =f (2,2). It follows that the quasi-symmetry s of hyperplane H, 


transforming z into zy = 2’, will transform zz into u(r). A similar argument 
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proves that there is a quasi-symmetry s’, whose hyperplane is orthogonal to z, 
and which transforms x into za; then (ss’)~*w will leave xz invariant, and 
can be considered as a unitary transformation operating in the hyperplane 
orthogonal to x. As such, it is a product of quasi-symmetries by the induction 
hypothesis, and so therefore is wu. 

If the characteristic of K is not 2, then for every nonisotropic vector 2, 
one of the scalars 1 or —1 will satisfy both conditions 1° and 2°, 
for u(x) —2x and u(x) + 2 cannot both be isotropic, as this would imply 
f(z, x) + f(u(z), u(x)) =0, or 2f(z,2) =0, contrary to assumption. We 
can therefore restrict our further arguments to the case in which K has 
characteristic 2 and J ~1 (otherwise, f, being trace-valued, would be an 
alternate form), and for every nonisotropic vector x in HE, u(r) —@ is 
isotropic; this condition is obviously equivalent to the relation 


f(a, u(x)) + f(u(x), 2) =0 


or f(z, u(x)) = (f(z, u(z)))%. We are going to show that in such a case, 
the last equation is also true for every isotropic vector x in EF, unless K = Fy 
and J 41 (in which case the field Ky invariant by J is the field ¥, of 
two elements). 

Let a be an arbitrary isotropic vector in £; there exists a second isotropic 
vector 6 such that f(a, b) =1. Let r—aft+); if we write that z is 
isotropic, we obtain the relation £ + ¢/ —0, in other words, £ must be a 
symmetric element. By assumption, 


+ 6, u(a)g + u(b)) = (a, u(a))E + Lf (a, u(b)) + f(b, + f(b, u(d)) 


is a symmetric element when € is not symmetric; if we write f(a, u(a)) =, 
f(b, u(b)) = B, f(a, u(b)) =A, f(b, w(a)) =p we can also say that we have 
the relation 


(6) + + (m+ + (B + B’) = 0 


for every nonsymmetric £. Now, if ¢ is not symmetric, €+ ¢ is also not 
symmetric for every symmetric €; replacing £ by + € in (6) and subtracting 
from (6), we get 


(7) + O(a + aE + Ea + + EA + w’) + (u + 


for every nonsymmetric ¢ and every symmetric é. Replacing now é by + 7, 
where € and 7 are both symmetric, and subtracting, from the resulting 
equation, equation (7) and the analogue with é replaced by », we obtain 


(8) E(a + a7)n+ (a+ a )E—0 
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for every pair of symmetric elements €, y. In particular, for 7 —1, this 
shows that « + a’ commutes with every symmetric element of K. But as K 
has characteristic 2, symmetric elements generate K over its center Z, ([4], 
p. 367, Lemma 1) hence « + @ must be in Z. If «a+ a/ 0, (8) shows that 
any two symmetric elements are permutable, hence K is commutatwe. But 
then (7) is an equation of degree 2 in €, where the coefficient of & is not 0, 
hence it has at most two distinct roots in K, and if the field Ky of symmetric 
elements of K has more than 2 elements, we thus reach a contradiction, 
which proves that a + a/ 0; in other words f(a,u(a)) is symmetric for 
every isotropic vector a. 
This being proved, we have now the identity 


+ yf, u(x) + u(y)é) = + u(y) a + 


for every pair of vectors z, y and every scalar ée K. Writing (2, u(y)), 
p=f(y,u(x)), this shows that Aé + &p is symmetric for all ée K, in other 
words (A+ A’) for all this can only be the case if 
A+ p/ =0, otherwise it would give, with p=A-+ py’, first p’ =p (with 
é=1) and then & = pép" for all €e K. The involution J would thus be an 
automorphism of K, which is only possible if K is commutative, and J = 1, 
a case we have excluded. 

From these results, we conclude therefore that the exceptional case occurs 
only when 


(9) f(a, u(y)) = (f(y, u(2)))? 
or equivalently 
(10) f (2, u(y) = f(u(x),y) 


for every pair of vectors z,y in H. Replacing x by u(x) in (10) and taking 
into account the relation f(u(z),u(y)) =f(#,y), we get 


(11) f(u?(7) =0 


for all x and y, hence u?(z) =z for all we EH, since f is nondegenerate. In 
other words, wu is an involution in U,(K,f); as K has characteristic 2, this 
means that u(x) =a + t(x), where ¢ is a linear mapping of / onto a totally 
isotropic subspace V, V* D V being the kernel of ¢. In order to prove Theorem 
2, we argue as follows: if we can choose a quasi-symmetry v such that wv is 
not an involution any more, then uv is a product of quasi-symmetries, and so 
is therefore w. Let a be a vector in V; if u(v(a)) ~v(ut(a)), uv will 
not be an involution. As u(a) =a, and u(v(a)) =v(a) + 5b, where be V, 
the relation u(v(a)) =v*(w'(a)) can be written v(a) —v*(a) = and 
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therefore we have to show that it is possible to find a quasi-symmetry v such 
that v(a) —v(a) is not in V. Take a non-isotropic vector c which is not 
orthogonal to a; the intersection of the plane P = aK + cK with V is then 
the line aK. Let v be the quasi-symmetry of hyperplane H orthogonal to c, 
transforming into cp (p00); let a—cA+2, where ze H and 0; 
then v(a) = cpA + 2, v1(a) = cp "A+ z, hence v(a) —v-*(a) = c(p — p™)A, 
and this last vector will not be in V provided p can be chosen so that p? ~1 
(i.e. p41), and p’f(c,c)p—f(c,c). But this is always possible when f is 
trace-valued and J ~1, ([4], p. 370), and this ends our proof when K, 4 #>. 


9. It is easy to see that the case Ky = F2., n=—2 is exceptional for 
Theorem 2. In the 2-dimensional vector space over K = #4, there are then 
5 lines aK through the origin; two of them, e,K and eK, are orthogonal and 
non isotropic, the other three are isotropic. We have f(e1, e:) = f(és, = 1, 
since for a nonisotropic vector x, f(x, z) ¢ Ky and is not 0, hence must be 1; 
the linear transformation exchanging e, and e, belongs therefore to U2(#:.) ; 
but it cannot be generated by quasi-symmetries, since these leave invariant 
each line e.K. 

We have still to prove that the theorem is true for K = #, and n= 3. 
It will be enough to give the proof for n = 3, for if n>3, we Un(Fs), 
and x is a nonisotropic vector in H, the two vectors z and u(x) belong to a 
nonisotropic 3-dimensional subspace V: this is immediate if u(z) —4@, or if 
the plane P through z and u(x) is non isotropic. On the other hand, if P 
is isotropic, it is not totally isotropic, since it contains the nonisotropic vector 
x; there is therefore only one isotropic line aK in P, orthogonal to P; if b 
is a nonisotropic vector in /, not orthogonal to a, the 3-dimensional subspace 
V =P + DK is nonisotropic, for if we write that y = aa + bB + zy is ortho- 
gonal to a,b and z, we find f(a,b)B =0, f(b, a)e + f(b, b)B + f(b, 7) =0 
and as f(a,b) ~0, B=O0, and as 
y = 0; then the second equation reduces to f(b,a@)a—0, which shows that 
y =0 and proves our contention. The theorem being supposed to be true 
for n = 3, there exists in V a product of quasi-symmetries transforming z 
into u(x) (since by Witt’s theorem there is a unitary transformation in V 
transforming z into u(a)); these quasi-symmetries in V can be extended to 
quasi-symmetries in E by taking them to be the identity in the orthogonal 
subspace V*. Then, the inductive process used in section 8 can again be 
applied for n > 3, and the proof is thus reduced to the case n = 3. 


10. To prove the theorem in that case, we will first show that if a and } 
are any two nonisotropic vectors in /, there is a product of quasi-symmetries 
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transforming a into 6. This result is obvious if bag with «0 (and 
then necessarily aa’ = 1, an equation which is verified by every element « ~ 0 
in #4); for then we merely consider the quasi-symmetry s of hyperplane 
orthogonal to a, and such that s(a) —aa—b. Suppose next a and Bb are 
not collinear and consider an orthogonal basis ¢,, é¢2, es of # such that e: =a; 
the only nonisotropic lines orthogonal to e,K are e.K and e;K; the other 9 
nonisotropic lines in H# are in the 3 isotropic planes through e,K and the 
3 isotropic lines in the plane e.4 + e,K (3 such lines distinct from e,K in 
each of these planes). Suppose first that b is not orthogonal to a; then 0K 
is in one of the isotropic planes through e,K, say P. Let cK be one of the 
nonisotropic lines in P distinct from aK and bK; as there are 3 elements 
ae F, such that «a7 — 1, there are 3 distinct quasi-symmetries of hyperplane 
H orthogonal to cK, transforming c into the 3 vectors ca, and leaving element- 
wise invariant the (unique) isotropic line D in P, orthogonal to c. As such 
a quasi-symmetry cannot leave invariant any line in P other than cK and D, 
the 3 preceding quasi-symmetries transform aK into the 3 lines in P distinct 
from cK and D; in particular there is one such quasi-symmetry transforming 
aK into 0K, and we have then proved our assertion. 


11. There remains the case in which a and 6 are orthogonal; we can 
suppose for instance that a= e,, 5 =e. We are going to prove slightly more, 
namely that there is a product of quasi-symmetries which exchanges e,K and 
e.K. Let D be an isotropic line in the plane e,K + e.K, and let cK be a 
nonisotropic line distinct from e;K in the isotropic plane P = D+ eK. As 
cK is not orthogonal to e,K, the plane Q = e,K + cK is isotropic; there is 
therefore a quasi-symmetry s of hyperplane orthogonal to c, which will trans- 
form the line e,K into another nonisotropic line 7K in the plane Q. This 
line 2K is neither in the plane e,K + e.Kk (for the intersection of Q with 
that plane is e,K), nor in the plane e;K + e.k (for the intersection of that 
plane with Q is isotropic). Therefore the plane R = e.K + 2K is isotropic. 
The intersection P = dK is then nonisotropic, since the only isotropic 
line in P is D in the plane e,K + eK; and the argument in section 10 shows 
that there is a quasi-symmetry s’ of hyperplane orthogonal to dK, which will 
transform xK into e.K. This shows that s’s transforms e,K into e.K ; but in 
addition, both s and s’ leave invariant the isotropic line D, hence s’s transforms 
the plane e,K + eK =eK + D—=—D-+ eK into itself; but it then trans- 
forms e.K, which is orthogonal to e,K in the plane e,K + e.K, into the line 
orthogonal to e.K in that plane, that is e,K. 
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We can now end the proof in the following way: if x is a nonisotropic 
vector in FE, there is a product v of quasi-symmetries which transforms u(z) 
into x; vu =u, then leaves invariant z, hence also the plane H orthogonal 
to « in L; let aK and bK be the nonisotropic lines (orthogonal to each other) 
in H. If uw, leaves invariant both these lines, it is a product of quasi- 
symmetries; if it exchanges aK and bK, then there is a product w of quasi- 
symmetries in H which exchanges aK and bK, and therefore leaves invariant 
«K ; the product wu, then leaves invariant «kK, aK and bK, and is therefore 
a product of quasi-symmetries. Theorem 2 is thus completely proved. 


12. The assumptions in this section are those of section 8, with the 
additional condition that J 1; the orthogonal and symplectic groups are 
thus excluded. Let ¢ be the natural homomorphism of K* onto its factor 
group K*/C, where C is the commutator subgroup of K*. 


THEOREM 3. For every unitary transformation ue U,(K,f), the deter- 
minant [1] of u has the form $(y"y"). 


Theorem 2 reduces the proof of Theorem 3 to the case in which w is a 
quasi-symmetry (the exceptional case of Theorem 2 is of course known to 
satisfy also Theorem 3, which is well known for commutative fields K). Let 
us therefore suppose that w is a quasi-symmetry of hyperplane H, and let e 
be a vector orthogonal to H, and p—f(e,e) #0; then u(e) ea with 
a/pa =p, and the determinant of wu is obviously ¢(a) (take as a basis of L 
the vector e and a basis of H). We are thus reduced to prove that the 
relation a/p% =p implies « =~-y’y""' for some y0. This is immediate if 
a == — 1, for if » is an element in K such that A”? ~A, then for y —=A—D’, 
y’ =—y, and as y 0, —1—y’/y". If «~—1, consider the element 
y1=p(1+ 2); we have y/ = (1+ @7)p, hence = pa + = pa + p 
= y 1, whence ¢ = and this ends our proof. 


13. We add two disconnected remarks on results proved in [4] and [2] 
respectively. The first concerns Theorem 4 of [4], p. 380 which is proved 
in that paper for a sfield K of characteristic 42. I want to show that the 
theorem is still valid when that restriction on the characteristic is dropped. 
To prove this, let us first remark that we can suppose that there is a vector 
ae E such that f(a,a) =1 (excluding the symplectic groups, whose structure 
is well known). Indeed, let a be a nonisotropic vector, and let f(a, a) =a 0; 
is a symmetric element for the involution J, the form f, (2, y) = a "f(z, y) 
is hermitian for the involution = moreover, f, is trace-valued 
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for that involution, for we have a1(é-+ &) = (a é) + (@7€)"; finally, 
f,(a,a) = 1, and it is clear that the unitary groups U,(K,f) and Un(K, 
are identical. With this assumption, we have therefore 1 =p + p’; Theorem 
4 of [4] will then be proved, if we can prove Lemma 6, [4], p. 380, and this 
in turn amounts to finding 4 elements 2, 8, 2, 8; in K such that a,¢,7 = aa’, 
B:B.’ = BB’, and 2,8,’ —«B/ =-y, where y is an arbitrarily given element 
of K. In order to show that this is possible, take «, = a, and B, —1; if we 
can prove that 8 can be chosen such that BB’ —1 and B ~1, the equation 
—aB/—-+y reduces to a(1—’) —y and always has a solution. 
But if we take B = p/p, then BpB’ = p, Bp’B’ = p’, hence BB’ = B(p+ p’)p’ 
=p + p’ =1, and p’ ~p, since otherwise p + p’ would be 0. 


14. The other remark is relative to the proof, given in [2], pp. 72-73, 
that every noncommutative sfield K for which every element has degree = 2 
over the center Z of K, is a reflexive sfield. The first remark in the proof 
is that every finite set (&)1<i<n of elements of K generates over Z a sfield 
Zlé,° ° *,é€,] of rank S 2"; but this does not (contrary to what is asserted 
in [2], p. 73) reduce the problem to the case in which [K:Z] is finite, for 
the center of K[é,,- - -,& | might be distinct from 7. To fill that gap in 
the proof, let us consider two nonpermutable elements €, 7 of K; as the rank 
[Z[é,7]:Z] is =4 and is a multiple of 2 which cannot be equal to 2 
(otherwise Z[£, 7| would be commutative) it is equal to 4. Let now ¢ be any 
other element of K, and let T be the center of Z[é,,¢]; we want to prove 
that 7’ = Z, for then the argument of ([2], p. 73) shows that Z[€, y, €] has 
rank 4 over Z, hence £e Z[é, 7], and therefore K —Z[é,y]. Suppose T 
hence as [Z[é, y, £]:Z] S 8, we have [Z[€, 7, &]: T] < 8, and as the rank of 
Z(é,, €| over its center J must be a square and cannot be 1, [Z[é,, €]: 7] 
=4, and as T~Z, [T:Z]=—2. There is then a maximal subfield S of 
Z(é,7,€] such that [S:T] —2 and that S is separable over T. We can 
write therefore S = T(a), where @ is separable and of degree 2 over 7’; but 
z is also of degree 2 over Z C T’,, hence is separable over Z. On the other 
hand, we have 7 =2Z(f8), where B has degree 2 over Z, but might be 
inseparable when Z has characteristic 2. Nevertheless, in such circumstances, 
it is known ([5], p. 132) that for the field S = Z(a, B), the theorem of the 
primitive element still holds, in other words S = Z(y), where y has degree 4 
over Z; but this contradicts the assumption that the degree of y over Z is at 
most 2, and the assumption 7’ 54Z is therefore untenable, which ends the 
proof. 
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ON THE LOCAL ROLE OF THE THEORY OF THE LOGARITHMIC 
POTENTIAL IN DIFFERENTIAL GEOMETRY.* 


By AvuREL WINTNER. 


Definitions. In a (u,v)-plane, let D be an open domain (which, for 
the purposes at hand, can be assumed to be simply connected and “ sufficiently 
small”) and let 911, 912 = Jo1s J22 be three functions which are of class C” 
and satisfy the conditions gy > 0, det gx, > 0 on D. Then 


(1) Jap(u’, u*) du*duf, where ui —u, =v, 


will be called a C”-metric (on D). 
Let 


(2) ap(u", where uw? 


be a O”-metric on a (u’,v’)-domain D’. Then the C"-metric (1) is called 
isometric to (2) if, corresponding to every point (uo, vo) of D, there exist a 
circle 


(3) Do: (u— Uo)? + (U—%)? Ke 


and a C-mapping 


(4) == (u,v), =v’ (u,v) 


of (3) on a (schlicht) domain D’, in D’ in such a way that (1) becomes 
identical with (2) on Dy (or D’o) by virtue of (4) (or 


(5) u=u(u’,v’), v= v’), 


the inverse of (4)). It is understood that (4) is called a (local) C’-mapping, 
where r = 1, if both functions (4) are of class C’ and have a non-vanishing 
Jacobian (which implies that, if (3) is small enough, D’, is schlicht and 
(5) is a C’-mapping of D’, onto Dy). 

If (1) is a C"-metric, where n = 2, then it has a curvature K = K(u, v), 
defined, if 


(6) g = (det (9 > 0), 
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(7) — 2gK = {(g22u— 912v)/9}u + — 
+ where T= (911, 912, 922) 


(the subscripts wu and v denote partial differentiations). Thus K(u,v) is a 
function of class C"-? if (1) is a C"-metric, where n = 2. 

In particular, (1) must be a C*-metric before it is sure to have a K (u, v) 
of class C?. On the other hand, K(u,v) can have this property also if (1) 
is just a C*-metric. Actually, it turns out that this type of a metric, a 
C?-metric (1) for which the curvature K(u,v) is a function of class C’ 
(in terms of the parameters (u,v) in which the coefficients gi,(u,v) of (1) 
are given as functions of class C*), is quite an important class. In fact, it 
will be shown that for this class of metrics there prevail simple facts (two 
of which, Theorem 1 and Theorem 3, become false if they are referred to 
either of the, more general or less general, classes of C”-metrics, where 
n == 2,3). 


Conformal normal forms. Let a metric (1) be called conformal (that 
is to mean, “conformal with reference to the euclidean (u, v)-plane,” i. e., 
“isothermic ”) if 
(8) Ju = 92 and gi2=0 


hold identically in (u, v) ; so that (1) reduces to 
(9) g(u, v) (du? + dv?), (g > 0), 


if g denotes the common value of g;,; and gs» (in view of (8), this agrees 
with the more general notation (6)). According to Lichtenstein [4], every 
C1-metric (1) is isometric to a conformal metric 


(10) g (u’, v’) (du? + (g’>0). 


In fact, he proved that this is true also if the coefficients gix(u,v) of (1), 
instead of being functions of class C*, are only of class C*° (for some « > 0), 
where C*-° denotes (for 0 < A= 1) the class of those functions which belong 
for every » <A to the class C“ of those functions which satisfy a locally 
uniform Hoélder condition of index ». On the other hand, it was shown in 
[2] that not every metric (1) with continuous coefficients gi.(u,v) is iso- 
metric to a (continuous) conformal metric. 

While Lichtenstein’s method [4] also proves that every C?-metric is 
isometric to a conformal C'-metric, it was shown in [2] that not every 
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C?-metric is isometric to a conformal C?-metric. In order that a metric be 
isometric to a conformal C?-metric, it is sufficient to assume that the former 
is a C®-metric but it is not true that every C*-metric is isometric to a con- 
formal C?-metric; cf. [4] and [2], respectively. It will be shown that this 
disorder can be disposed of by considering the class of C?-metrics possessing 
a curvature of class C', a class intermediary between the class of the C?- 
metrics and that of the C%-metrics. 


THEOREM 1. Every C?-metric (1) possessing a curvature K(u,v) of 
class C1 is isometric to a conformal C?-metric (10) possessing a curvature 
K’(u’, v’) of class C* (and every C'-mapping (4) establishing the isometry 
must be a C*-mapping). 


Accordingly, every C?-metric possessing a curvature K(u,v) of class C* 
(but, as mentioned before, not an arbitrary C?-metric, the curvature of which 
is just continuous in general) must be isometric to a conformal C?-metric. 
Actually, the latter statement is not weaker than Theorem 1, since, the 
curvature 
(11) K’(u’, v’) = K(u,v) = K(u(wv’, v’), v(u’, v’)) 


being a scalar, its C’-character is preserved by every C*-mapping (4). 
Correspondingly, the parenthetical assertion of Theorem 1 is not deeper than 
(and is of course contained in) in the second of the following statements (I), 
(II),: 


(1) If (1) and (10) are isometric C'-metrics, then every C'-mapping 
(4) establishing their isometry must be a C?-mapping. 


(II) The assertion of (I) remains true if C* and C? are replaced by 
C? and respectively. Ete. 


(1), (11),- - - can be proved in various ways. The significance of these 
and of more general conclusions was pointed out in [8], pp. 199-203. The 
most general result in the binary and definite case was proved by Hartman [1]. 

The simplest proof of (I), (II),--- seems to be a reduction to the 
particular case in which (10) is the euclidean metric (g’=1). Let, 


(1*), (1I*),- - - denote the particular statements which thus result from 
(1), (II),- - -, respectively (that is, the statements in which 
(12) du’? +- dv’? 


replaces (10) in (I), (II),---). For a proof of (I*), which is valid for 
any dimension number and for indefinite metrics also, cf. [7], pp. 571-573. 


2 


682 AUREL WINTNER. 


The proof of (II*) is the same as that of (I*) (but in one respect simpler ; 
cf. loc. cit.). But the particular cases (1*), (II*) of (1), (II) imply the 
latter. This can be seen as follows: Under the assumptions and in the 
notations of (I), define a (positive) function f of (u,v) by placing 


(13) f(u, v) =1/9'(u'(u, v), v’(u, v)). 


Then f(u,v) is of class C’, since g’(u’,v’) and both functions (4) are. 
According to (13), the isometry of (10) and (1) means the isometry of the 
euclidean metric (12) and of the C?-metric 


(14) f(u', wu?) gap(u', u?)dutdu®, where u? =v. 


Hence, the assertion of (I) follows by applying (I*) to (14) and (12). 
Similarly, (II) follows from (II*) if use is made of (I). 

There remains to be proved the main assertion of Theorem 1. The proof 
will be such as to supply the following results as a by-product: 


THEOREM 2. If the curvature K(u,v) of a C?-metric (1) is a function 
of class Ci, and if = 3, then (1) is isometric to a Ci*1-metric. 


Incidentally, the latter metric will result as a conformal C%*'-metric. 


One might expect that some information on the C-metric will also result 
if the Ci-character of K(u,v) is required for an index j7=4. The place 
assigned to C?-metrics (1) by the scale (I), (II),- - - seems, however, to 
indicate that the process of refining is arrested at j = 3. 

That scale prevents, in particular, the extension of Theorem 2 to a scale 
the next item of which would assert that, if 7 = 4, the C?-metric must be 
isometric to a C°-metric (but a counterexample is missing). 


Proof of Theorem 1. Let (1) be a C?-metric on a (u,v)-domain D. 
Then the function K of (u,v) is just continuous, while the functions (6) 
and IT, occurring in (7), are of class C? and C’, respectively. Hence, if 
B= B(J) denotes the interior of a positively oriented, rectifiable Jordan 
curve J contained in D, then an integration of (7) over B, when followed 
by an application of Green’s formula, leads to the following identity in 
J=ZJ(B): 


(15) if — Grzu) dU + — }dv 


J 


= ( g{K + (49*)-‘det(T, T,,T.)}dudv, where T= (911, 912, 922). 
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Actually, the existence of a continuous function K = K(u, v) satisfying this 
integral identity can be thought of as defining a C'-metric (1) which possesses 
a continuous curvature (note that (7) does not apply to a metric which is 
just of class C1). This idea is due to Weyl [5], pp. 42-44. 

Suppose that the C?-metrie (1) occurring in (15) is transformed by a 
('-mapping (4) into a metric (2) which, for some reason, is known to be 
a C!-metric (rather than just a continuous metric) on the (w’, v’)-image D’ 
of D. Then, according to [1], p. 222, the C'-mapping (4) must be a C*- 
mapping. Denote by (15’) the relation which results if wu, v, giz, g, T, K (and 
J,B) are replaced by w’, v’, g’ix, g’, I”, K’ (and the (w’, v’)-images J’, B’ of 
J,B), respectively. Then it can be verified from the definitions g = (det gix)}, 
g’ = (det g’i,)3 and from the tensor character of (gic), (g’ix) that, if (11) 
is considered as the definition of K’(w’,v’), the relation (15’) holds as an 
identity in J’ or B’, where B’ = B’(J’) denotes the interior of any positively 
oriented, rectifiable Jordan curve contained in D’. It follows (if (1) and 
(2) are interchanged) that the identity (15) in J holds not only for C?- 
metrics but also for every C'-metric which (for some reason) is isometric to 
a C?-metric. 

As explained after Theorem 1, the latter is equivalent to the statement 
that every C*-metric (2) possessing a curvature K’(u’,v’) of class C* is 
isometric to a conformal C?-metric (2), that is, to a metric (9) in which 
g(u,v) is a function of class C*. In order to prove the latter formulation 
of Theorem 1, assume first only that the given metric (2) is a C?-metric. 
According to a theorem of Lichtenstein, mentioned above, any such metric 
(2) is isometric to a conformal C?-metric; that is, to a metric (9) in which 
g(u,v) is a function of class C*. Since the C'-metric (9) is isometric to a 
C?-metric, (15) is applicable to (9) and reduces, in view of (8), to 


(16) (29) (grdu — g,dv) ff gKdudv. 


e 


J B 
Hence, in order to prove Theorem 1, it remains to be shown that if not only 
g(u,v) but also K = K(u,v) (ef. (11) and (4)) is of class C’, an assump- 
tion of Theorem 1 which was not used thus far, then (16) implies that 
g(u,v) is of class C?. 
To this end, note that if 


(17) f(u, v) =— 2K (u, v)g(u, v) 
and 
(18) y(u, v) = log g(u, v), (g>0), 
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then (16) can be written in the form 
yrdu) = ff f(u, v)dudv 


and that (19) is just the integrated form of Poisson’s equation 


(19) f (yudv 


J 


(20) Yuu + Yo = f(u, v). 


Correspondingly, the proof of Theorem 1 must be made to depend on an 
appeal to the theory of the logarithmic potential 


(21) (u,v) = f(z, y)log{(u — ax)? + (v—2)*}dady. 
A 


It is known that if f(u,v) is an arbitrary continuous function (not 
satisfying anything like a Hélder condition), then (i) the differential 
equation (20) need not possess any (continuous) solution y(u,v) but (i1) 
the integrated form (19) of (20) is satisfied by the sum, y(u,v), of any 
regular harmonic function h(u,v) and the logarithmic potential (21), which 
is a function ¢(u,v) of class C’, finally (iii) every function y of class 
satisfying (19) is of the form h+ 4; cf. [9], [8], [6]. It is understood 
that the continuous function f(u,v) is supposed to be given on a (wu, v)- 
domain D and that, if A is any bounded domain the closure of which is 
contained in D, then, in the above assertions, (21) is considered only for 
the domain of points (u,v) which constitute A. 

Since g(u,v) and (by assumption) K(u,v) are functions of class C’, 
the same is true of the function f(u,v) defined by (17). Hence the corre- 
sponding logarithmic potential (21) is a function of class C? on A (the 
conclusion that (21) is of class C? on A, whenever f(u,v) is of class C’, 
is due to Gauss; the finer aspects of Hélder’s theory are not needed). Since 
every function y of class C’ satisfying (19) is of the form h + 4, it follows 
that every such y is of class C*. Finally, since (18) is a (particular) function 
of class C* satisfying (19), it follows that the y occurring in (18), and 
therefore g = e? as well, is of class C?. 


This proves Theorem 1. 


Proof of Theorem 2. If j =1, then Theorem 2 and the remark made 
after it are contained in Theorem 1. The remaining two cases, 7 = 2 and 
j} = 3, must be dealt with in succession. 
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Suppose first that the assumptions of the case 7 = 2 of Theorem 2 are 
satisfied. Then, in view of Theorem 1 (including its parenthetical assertion ; 
ef. (11)), it can be assumed that the given metric is of the type (9). Thus 
both g and K are now of class C?, and the assertion is that g must therefore 
be of class C®. 

Corresponding to the result of Gauss, used above, the logarithmic potential 
(21) of every density f of class C? is of class C*. Since the product (17) is 
of class C?, it follows, by the argument applied at the end of the proof of 
Theorem 1, that g is of class C°. 

This proves Theorem 2, as well as the remark made after Theorem 2, 
for the case 7 = 2. The corresponding assertion for the case j —3 follows 
in the same way as in the case j = 2 (if use is made of results proved for 
the latter case). 


General indices. All of this can be summarized as the case n — 2 of 
the following theorem (*): 


(*) If (1) ts a C"-metric, where n > 1, and if (1) has a curvature 
K (u,v) of class where 0S m S 2, then (1) ts isometric to a con- 
formal C™*"-metric (10) (and K is a function of class C™-*™ in terms of the 
parameters u’, v’ of (10) also). 


Clearly, the above proofs, given for n = 2, hold for n = 3,4,- - - also. 
The necessity of restricting m to its three lowest values remains undecided 
(for every n) ; cf. the remarks made after Theorem 2. 

With regard to the case n = 1, excluded in the wording of (*), it is 
clear from the proof of Theorem 2 that if (*) is true for (n,m) = (1,0), 
then it is true for (n,m) == (1,1) and (n,m) = (1,2) also (here a C’- 
metric (1) possessing a K (u,v) of class C° is defined in the sense of Weyl, as 
explained after (15)). But the truth of (*) for the case (n,m) = (1,0) 
remains undecided.’ 


1 Weyl has claimed ([5], p. 49) that the truth of (*) for (n,m) = (1,0) is 
known from the theory of functions (in his case of a closed convex surface, where 
K>0). Actually, all that follows by function-theoretical methods is that if the 
theorem is true in the small, then (subject to trivial topological restrictions) it is true 
in the large also. The sharpest known results in the small seem to be those of Lichten- 
stein, referred to above. 

An apparent exception seems to be contained between the lines of a proof of a 
(non-local) theorem of Weyl [5], p. 68, in which the metric (1), instead of satisfying 
the assumptions of Theorem 1, is merely required to be a C1-metric possessing a curva- 
ture K(u,v) which, along with the first derivatives of the coefficients of (1), is sub- 


= 
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Surfaces. By a surface of class C", where n = 1, will be meant a set 8 


of points X = (x,y,z) having the property that, in a neighborhood of every 
point of it, S can be parametrized in the form 


(22) X = X(u, v), (X = (2, y,2)), 


where (u, v) varies on some, sufficiently small, domain D, the vector function 
(22) is of class C” and the vector product, say V = V(u,v), of the partial 
derivatives X,, X, does not vanish; so that V = V/| V | defines a unit vector 
which is a function N(u,v) of class C™'. Then (22) will be called a C"- 
parametrization of the surface 8 of class C". Note that, if n > m = 1, every 
surface S of class C" possesses C”-parametrizations which are not (™?- 
parametrizations. 
If (22) is of class C*, then, since V ~ 0, the first fundamental form 


| dX u?) |? = gag(u'’, u*) dutdub (u} == 4, == v) 


(23) 
on S is a metric (1) of class C*. But more than this is true: 


THrorem 3. In order that a C?-metric (1) be realizable as the metric 
(23) on some surface (22) of class C*, it is necessary for (1) to have a 


curvature K(u,v) of ciass C?. 


In fact, if n = 2, then, since the unit vector N(u,v) is of class C™', 
the second fundamental form on S, being defined as the scalar product of 
—dN(u,v) and dX (u, v), exists and has coefficients, say hiz = hxi, which are 
functions of class C"-*. Since the coefficients of (23) are functions of class 
C"-* and since, due to the embedding (22)-(23) of the metric (1) on S, 
the ratio of the determinants det hi,(u, v), det gi.(u, v) > 0 is identical with 
the curvature K(u,v) of the metric (Gauss), it follows that K(u,v) is of 
class C"-* if n > 2, and exists and is continuous if n = 2 (Weyl; cf. (15)). 
Theorem 3 is the case n = 3 of this conclusion, which applies the assertion 
of the theorema egregium in the direction just opposite to that emphasized 
by Gauss. 

Let a C"-parametrization (22), where n= 1, be called an isothermic 
parametrization of a surface 8 if (8) holds for the first fundamental form 
(23). Then it follows from Theorem 3 that Theorem 1 (along with the 


jected to a Hilder condition (loc. cit., K is positive on a closed orientable (wu, v)- 
manifold). It turns out, however, that any such metric must be isometric to a C?-metric 
and, what is more, to a Hélderian C*-metric. This is the first assertion of Theorem 5 
below; ef. also Theorem 6. 
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parenthetical assertion of Theorem 1) contains the following fact as a 
particular case: 


TuHroreM 4. Every surface S of class C* possesses isothermic C®- 
parametrizations. 


The above proofs make it clear that Theorem 4 remains true if both of 
its classes C® are replaced by C”, provided that n > 2 (and it seems to be 
likely that n —2 can here be included), whereas Lichtenstein’s theory [4] 
supplies only the existence of an isothermic parametrization of class C™* if 
the surface S is of class C", where n = 2, 3,- --. This shows the “ natural ” 
character of the assumptions and assertions of Theorem 1 (and of its 
analogues for other n-values). 


Holder restrictions. Let a function f(u, v), defined on a (u, v)-domain 
D, be called of class HC", where n= 0, if it is of class C” and all of its 
partial derivatives 0’*4f/du"dv), where h + j =n, satisfy a (locally) uniform 
Holder condition of some positive index A(—=e< 1). Correspondingly, a 
mapping (4) will be called an HC"-mapping, where n= 1, if it is a C”- 
mapping (with non-vanishing Jacobian) and both functions w’, v’ occurring 
in (4) are of class HC". Similarly, a metric (1) will be called an HC*- 
metric, where n = 0, if all three functions gi,(u,v) are of class HC’. 

In this terminology, a variant of Theorem 1 can be formulated as 
follows: 


THEOREM 5. Let (1) be an HC'-metric possessing a curvature K (u,v) 
of class HC°®. Then (1) ts tsometric to an HC?-metric. The latter can be 
chosen to be a conformal metric. Finally, the mapping (4)-(5), establishing 
the tsometry of the given metric (1) and the conformal HC?-metric (10), 
is realized by an HC?-mapping. 


The same is true if HC’, HCO°®, HC? are replaced by HC", HC", HC", 
respectively, where n = 1. 


The implications of this theorem are revealed by the following fact: 


THEOREM 6. Every conformal C"-metric possessing a curvature of class 
HC" is an HC"*!-metric, where n= 1. 


It can readily be concluded from the results of Lichtenstein, quoted 
before Theorem 1, that the case n = k = 1 of Theorem 5 follows if Theorem 6 
is proved for the case n =k +12 2. But Theorem 6 holds for every n= 1. 
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In order to see this, let n —1 (if n > 1, the proof is the same, though more 
straightforward). Then the assumption of Theorem 6 is that a function 
g(u,v) > 0 of class C* and a function K(u,v) of class HC® satisfy (16) 
as an identity in B=B(J). In view of (17) and (18), this means that 
y(u, v) is a function of class C* satisfying (19), where f(u,v) is a function 
subject to a locally uniform Holder condition. Since (19) is the integrated 
form of (20), it now follows (for the reasons (i)-(iii), mentioned after (20) ), 
that y(u,v) is of class C* and that its second derivatives satisfy a locally 
uniform Hélder condition. It follows therefore from (18) that g(u, v) is of 
class HC, as claimed by the case n = 1 of Theorem 6. 


Appendix.* 


Theorem 3 and its extensions to the classes C*, C®,- - - can be formu- 
lated as follows: If a surface S has a C"-parametrization (22), where n > 2, 
then the C"1-metric (23) is isometric to a conformal C"1-metric. It is 
natural to ask whether there is a corresponding theorem for the case in which 
the first fundamental form (23) is replaced by the second fundamental form 


(24) — dN (u,v). dX (u,v) = hag(u’, u?) durdu4, 


provided that (24) is a metric, i.e., provided that the curvature K(u,v) of 
(22) or (23) is positive. The answer to this question turns out to be positive: 
If a surface S of postive curvature K has a C"-parametrization (22), where 
n > 3, then the C"-*-metric (24) 1s isometric to a conformal C-*-metric. This 
follows from Theorem 1 and its extensions to C*-metrics, where k => 2, in the 
same way as the theorem italicized before (24) does, if the following counter- 
part of Theorem 3 is proved: 


THEOREM 3bis. Jf a surface S of non-vanishing curvature K has a C"- 
parametrization (22), where n > 2, then, although the coefficients hiz(u, v) 
of (24), where (u,v) = (u’, u*), are just of class C™? in general, the binary 
quadratic differential form (24) (which is definite or indefinite according as 
the curvature K(u,v) of (23) ts positive or negative) possesses a curvature 
k(u,v) of class C™* (which means the existence of continuous «(u,v) in 


the limiting case n = 3). 


In the proof of the theorem italicized after (24), only the case 
K(u,v) >0 of Theorem 3 bis is needed (and only for n> 3). At points 
(u,v) at which K(u,v) vanishes, the assertion of Theorem 3 bis cannot even 


* Added July 28, 1953. 
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be formulated, since «(u,v) is undefined unless either K(u,v) >0 or 
K (u,v) < 0. 


Proof of Theorem 3bis. Suppose first that n > 3, say n—=4. Then 
the coefficients gi,(u,v) and hi,(u,v) of (22) and (23) are of class C* and 
respectively. Hence both hi, (u, v) and the Christoffel coefficients TJ (u, v) 
of (22) are functions of class C?. But the equations of Codazzi-Mainardi 
state that the differences are certain bilinear forms 
in hiz, Tyx4. Consequently, these differences are functions of class C? (in 
(u,v)), which implies that the derivatives 


(25) — (Roou— u 


are functions of class C’. 

On the other hand, the representation (7) of the curvature K(u, v) of 
the definite metric (22) shows that the principal part of K (u,v), the part of 
K(u,v) in which only the contributions of the second derivatives of the 
functions gi,(u,v) are retained, is precisely the sum of the two expressions 
which result if the metric || hx || is replaced by || gix || in (25). Corre- 
spondingly, the principal part of the curvature «(u,v) of (24) is the sum 
of the two functions (25), provided that (24) is definite (det hi, > 0, i. e., 
K>0). MHence, under this proviso, the principal part of «(u,v), and 
therefore «(u,v) itself, will be of class C’, since both functions (25) are. 

This proves Theorem 3bis for the case n=4 if deth, >0. If 
det hi, << 0, the proof remains the same, except that the definition of the 
curvature x(u,v) of an indefinite binary metric must then be used. It is 
also clear that, in both cases, the proof remains the same if n = 4 is replaced 
by any n > 3. Finally, the proof remains valid in the limiting case n = 3 
also, except that the equations of Codazzi-Mainardi and the definition of the 
curvature of a non-singular binary metric must then be replaced by their 
integrated forms (forms which correspond to the replacement of (7), (20) 
by (15), (19), respectively). 
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690 

al 

= 

[5] 

[6] 

[7] 

[8] 

[9] 


THE GEOMETRY OF THE LINEAR PARTIAL DIFFERENTIAL 
EQUATION OF THE SECOND ORDER.* 


By Ricuarp L. INGRAHAM. 


1. Introduction. The general linear partial differential equation of the 
second order in one unknown and n variables has an intrinsic geometry defined 
by its coefficients. This was investigated first by E. Cotton [1], to whom 
all the basic results are due. Further work introduced little that was new. 
Struik and Wiener [2], who were mainly interested in a certain physical 
application of the Cotton theory, recognized that the geometry of the quadratic 
and linear differential forms involved, under the groups allowed, could be 
unified in the concept of one geometry—the Weyl geometry—but otherwise 
added nothing new to the mathematical theory. Levi-Civita [3], using the 
Cotton theory, confined himself to the problem of finding normal forms, 
eliminating one of the most interesting groups by a normalization. Moreover, 
he paid most attention to the case n = 2, an exceptional case to which the 
general theory does not apply. 

The present paper aims first, by making consistent use of the intrinsic 
Weyl geometry, to cast the known theory in the form in which the powerful 
transformation calculus of modern differential geometry can be most directly 
applied to the equivalence problem (which yields a classification) and to the 
problems of simplifying the equation in the large by suitable transformations 
and of finding solutions. Second, making use of these methods, it gives several 
new results, of which the most important is the criterion for the equivalence 
of two such equations expressed in finite form in terms of complete sets of 
invariants of the corresponding Weyl geometries. As a corollary, the criterion 
that an equation be reducible to ordinary Laplacian form is immediate. 


2. The intrinsic geometry. We treat only equations with vanishing 
undifferentiated term. Let the equation be written (cf. [4] for a concise 
summary of the notations used by Schouten and others) 


* Received March 31, 1953. 
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The question of whether the left member might represent simply the Laplacian 
of @ in a curved space endowed with a suitable linear connection and metric 
is answered in the affirmative by the following theorem. 


TurorEM 1. Equations of the type (2.1) can always be written as the 
generalized Laplacian of equals zero in terms of covariant differentiation 
with respect to a unique Weyl-type linear connection. The associated intrinsic 
geometry of the quation is a Weyl geometry W, (n~2) and is uniquely 
determined. 


Proof. The first part of the theorem states that (2.1) is identical with 
(2. 2) Vr(9"*0sp) = 0 
for a unique Weyl-type connection, i.e., a symmetric linear connection 


= for which there exist a symmetric tensor G,,(det Gre 40) and 
a vector F’, such that 


(2.3) = — + — Opal") 


where (,,¢ is the Christoffel symbol of G,;, @7* are the normalized cofactors, 
the unit tensor A?, ,, and F‘—G*'F,. Expanding (2.2) using (2.3), 
and comparing with (2.1), one obtains the unique solutions Gs = rs, the 
normalized cofactors of g”*, and 


(2. 4) Fr = — 2/n(d" + gpg"), 


which proves the first part. For reasons which will emerge in a moment we 
define (n~ 2): 


(2. 4)’ = (1 2/n ) ( 1 — n/2)" (d’ + pq"); fe 


Then the connection in (2.2) in terms of g,;, and f, is 


(2. 3)’ = — $(1 — 2/n) (A‘ofa — 


The second part of the theorem asserts that we can really associate a 
geometry with the equation; that is, that the geometrical form in which we 
have cast (2.1) persists unchanged throughout the group of allowable trans- 
formations which take (2.1) into equivalent forms. Now this group? is the 
direct product of G,: = det 4,7?’ non-singular change of 
coordinates ; %: multiplication through of the equation by a factor r(z?) > 0: 


* Beside the two groups considered here, Cotton treats a third group ¢—>p¢@ trans- 
forming the unknown. If this further group is adjoined, the equivalence classes will 
be correspondingly larger. 


4 


LINEAR PARTIAL DIFFERENTIAL EQUATIONS. 693 


gauge group. This second part then asserts that the intrinsic geometry is 
the Weyl gecmetry W, (cf. [5], p. 81) defined by the symmetric and linear 
differential forms g,, and f, respectively in the precise sense that a) under a 
transformation of &,, (2.1) goes into V+ (g"*’0s) = 0, where the connection 
is given by (2. 3)’ with 


0, 0/da" ; Jr's’ fs’ 


and that b) under a transformation of § with 7 it goes into ’V-(’g"0sp) = 0, 
where the connection ’A,,* is given by (2.3)’ with 


Irs = Te — | Os log NE r = 
For then g,; and f, transform under G, X % as in W,,. 


Proof. a) is immediate from the invariant form of (2.2). b) is shown 
as follows: —’g"* =79"8, hence =AGrs for 7. By (2. 4)’, 


‘ts == (1—n/2)"* + C Ger) = rd’ = 
This equals 
fe + (2 (2g — JpqdsA) = fs + log d, 


q.e.d. (It should be noted that the connection (2.3)’ in terms of which 
(2. 2) is written is not the same as the Weyl connection belonging to Wy. In 
particular, Ap,” is not gauge-invariant. ) 

It is remarkable that this theory breaks down for n 2. This case is 
treated briefly at the end of the article. 

Of particular interest is the subclass of self-adjoint equations, those 
which, after multiplication by a suitable (positive) factor, can be written in 
the form 


(2. 1)’ 0,(Pr80.6) = 0 {for some set of functions P'*]. 


This property has a very nice geometrical characterization (remark: this 
geometrical characterization of self-adjointness is independent of the boundary 
behavior of ¢): 


THEOREM 2. Equation (2.1) is self-adjoint if and only if its intrinsic 
geometry is Riemannian, (n ~ 2). 


We recall that W, is Riemannian if and only if O,sf,; =0; i.e., there 
exists a gauge in which f, = 0. 
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Proof. If W, is Riemannian, then in the gauge in which f, = 0 by (2. 3)’ 
V, becomes covariant differentiation with respect to Cpg’. Hence (2.2) reads 


=| 9 9 = 0, Lg = det 
Multiply through by | g |; this proves the sufficiency. 


Conversely, if equation (2.1) is self-adjoint, then in a suitable gauge 
d* = From (2. 4)’, 


fr= (1— 1/2) *grs(Opg?* — — 39°40, log g l) = (n— 2)-70, log | g |, 


so f, is a gradient, which proves the necessity. 


3. Curvature and the equivalence criterion. Two equations (2.1) are 
equivalent (by this we shall always mean equivalent under the product group 
®, < %) if and only if their intrinsic Weyl geometries are the same. For 
they both can be written in the form (2.2) with connections of the form 
(2.3)’ and this prescription is invariant against the transformations con- 
sidered. It follows that the equivalence problem for these linear equations 
reduces to the equivalence problem for the Weyl geometry W,. This closely 
parallels the usual treatment of the equivalence of quadratic differential forms 
with slight complications due to the fact that here we have a linear form 
adjoined and the gauge group as well as coordinate transformation group. 
It is a noteworthy fact that the equivalence-characterizing system of invariants 
of the quadratic form and that of the linear form are completely unified in 
the invariants of W,. We sketch the proof below, followed by the theorem. 

Let gpq and f,, functions of x?, define the intrinsic geometry of the first 
equation, and ’gp°, f,, functions of 2’, that of the second equation. Then we 
ask whether there exist a gauge transformation A(x) and coordinate trans- 
formation 2? = f?(a%”) such that 


(3. 1) = 0, (3. 2) fpA?y Ap’ 0, 
where 
(3. 3) Apa? APy, (3. 3)’ Ap log X= Ap’. 


Differentiating (3.1) and using (3.2), (3.3), and (3.3)’, we get on 
rearranging 


(3. 4) — -— A" = 0, 
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where Ty,” (the linear connection of W,,) is short for 
= — ofa + — 


and Tyg" is the corresponding expression? in ’gp-q and ’f,. Differentiating 
(3.2) and using (3.3) and 3.4), we get on rearranging 


(3. 4)’ Va' fo’ V af Ap — = 9, 
where Yq from here on will mean covariant differentiation with respect to 
and correspondingly, with respect to The problem then 
reduces to solving the system of partial differential equations (3.3), (3.3)’, 
(3.4), (3. 4)’ and the finite equations (3. 1), (3. 2) in the (n 4+ 1)? unknowns 
X, Ap as functions of 2”. 

The integrability conditions of (3.3) are satisfied in virtue of (3.4). 
The integrability conditions of (3.4) are 
(3. 5) Aty == Rogr* Ap At 
where F,,r* (the curvature tensor of W,,) stands for 

= — 2 gir? — 

correspondingly for Ry?’ in terms of Ty’, and the infinite sequence of 
equations obtained by repeated differentiation of (3.5): 


(3. 6) = AtpAty,: +, ete. 


It is remarkable to note now that the integrability conditions of the 
other equations, those arising from the linear form, impose no new conditions. 
For, the integrability conditions of (3. 3)’ are, from (3. 4)’, 


fan’ fopA%y Ap, fap = V 


correspondingly for fap in terms of ’f,-, and the infinite sequence of equations 
arising from these by repeated differentiation. But multiplying (3. 5) through 
by A*’, (the normalized cofactors of A*t;), contracting 7’ and s’, and using 
the identities Rygr” = nfpqg, = NV we find that these inte- 
grability conditions are satisfied in virtue of (3.5), (3.6),:--. Moreover, 
the integrability conditions of (3. 4)’, with the aid of (3.2), come out to be 


(RygrtAty Aly ft = 


and equations arising from these by repeated differentiation. But these are 


? Note on notation: T instead of ’T is written because it is gauge-invariant (cf. the 
definition equation). The same remark applies to A,, Rpgr', and fipg- 
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satisfied in virtue of (3.5), (3.6),- --. Hence by the well-known theorem 
(cf. say, [6], Chap. 5, § 7) on systems of partial differential equations the 
equivalence theorem for the linear equations (2.1) reads as follows: 


THEOREM 3. Two equations (2.1) whose intrinsic geometries are charac- 
terized by the invariants gpq, fr (functions of 2) and 'gpa, ’fr (functions 
of x’) respectively for n42 are equivalent if and only tf there exists a 
positive integer N such that a) the sets of equations (3.1), (3.2), and the 
first N sets of equations (3.5), (3.6),---, in the unknowns 2°, r, A?y, Ap 
as functions of x®’ are compatible and b) all sets of solutions of these equations 
satisfy the (N + 1)-th set of equations. 


Therewith, equations (2.1) are elassified into equivalence classes. 


The simplest equation (2.1) is the ordinary Laplacian equation 
(3. 7) = 0 = + 1;8%°=0,r As]. 


(The term “Laplacian” here embraces all metric signatures.) Then the 
equivalence theorem gives us immediately the criterion that any equation 
(2.1) be reducible to this form: 


CoroLuarRy. An equation (2.1) is equivalent to the ordinary Laplacian 
equation if and only if its intrinsic geometry is flat. 


By flat is meant Ryg-’ 0. (This implies both that the geometry is 
Riemannian and flat in the Riemannian sense.) 

Another application of the complete set of invariants of the intrinsic 
geometry (in the Riemannian case) is the determination by algebraic means 
of whether the equation admits any “ plane-wave” type solutions. Consider 
the sets of equations in the unknown é,(2?) 


(3. 8) 9" = 0, (3. 9) = 0, 
(3. 10) V = 0, (3. 11) mile = 0,° 


THEOREM 4. In the Riemannian case fpqg =O, there exist solutions of 
(2.1) of the plane-wave type if and only if there exists a positive integer M 
such that a) the first M of (3.9), (3.10),- - - are compatible for the unknown 
€,(z?) and b) all solutions of these satisfy the (M+ 1)-th set of equations, 
finally, c) some solution of these satisfies (3.8). 


¢ =F (f k,dx*) is defined to be a plane-wave if F is any twice differ- 
entiable function, f means the indefinite line integral, and &, is a null parallel 
field: =0, g’*k,k, = 0. 
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Proof. If and only if such an M exists does there exist a field k, parallel 
with respect to the Riemannian space defined by W, in the gauge for which 
/=0 (ef. [7], § 23); &, then is a solution of (3.9), (3.10),---. If and 
only if one of these solutions also satisfies (3.8) does there exist a null 
parallel field. Hence the conditions of the theorem are necessary and suffi- 
cient in order that there exist a plane-wave. But every plane-wave yields a 
solution of (2.1). For in the gauge in which f, —0 we get from (2.2) 


= = 0, 


where F” means the derivative of F with respect to its argument. 


4, The case n=2. We add a few words on the anomalous case n = 2. 
The first part of Theorem 1 is still true, but no Weyl geometry W, can be 
associated with the equation. For although g,, and F, (given by (2. 4)) 
are tensors against ®., under % they transform as follows: 


(4.1) = = Fy. 


Hence the geometry is that of a class of conformally related Riemannian 
spaces V>, on each of which the same Pfaffian is superimposed. 

Theorem 2 holds in the form: Equation (2.1) is self-adjoint if and only 
if F, is a gradient. 

Of course = 0 has not now any Riemannian interpretation. In 
proof, note that if the equation is self-adjoint, then in a coordinate and gauge 
frame in which it takes the form (2.1)’, we have F,, = 40,log|g| (cf. the 
proof of Theorem 2). Conversely, if F, is a gradient, 40, log h, h > 0, say, 
perform the gauge transformation with A—h'4|g {+ to a frame where 
| =h, ’F, =F, = 40, log |’g |. Then, as in the proof of Theorem 2, 
in this coordinate and gauge frame ’d" = 0,’g*" and hence the equation is 
self-adjoint. 

Theorem 3 does not apply. In the present case n = 2 the equations we 


start from in the equivalence problem are 
(4. 2) — = 0; Op: = AP, 
(4. 3) — F, A?» = 0. 


Since any two V.’s of the same signature are conformal (cf. [7], § 28), the 
problem reduces to using the remaining freedom in the coordinate trans- 
formations satisfying (4.2) to satisfy (4.3) as well. This was treated at 
lenth by Cotton ([1], p. 236 et seq.) and also elsewhere in the literature. 
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From the facts that F, 0 for the ordinary Laplacian equation (3.7), 
F, is gauge-invariant for n = 2, and any two V,.’s of the same signature are 
conformal, we infer immediately the following 


Corotuary. The vanishing of F, is necessary and sufficient in order that 
the equation (2.1) be reducible to ordinary Laplacian form. 


Thus in the case of a definite metric, F, 0 is the criterion that the 
solution of (2.1) be reducible to the solution of the Beltrami differential 
equations. 


INSTITUTE FOR ADVANCED STUDY. 
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KUMMER CONGRUENCES AND THE SCHUR DERIVATIVE.* 


By L. CARr.itz. 


1. Introduction. Let p be a prime, a an integer not divisible by p, 
and put 
(1.1) Aa” — ar”) /p™", Ata" a9") (r = 2, 


Schur [6] proved that the derivatives A?a?",- are all 
integral. If a*==1 (mod p?) then all the derivatives A’a?” are integral, 
while if a®-'=£1 (mod p*), then every number A?a?” has exactly the denomi- 
nator p. A. Brauer [1] gave another proof of these results; about the same 
time Zorn [7] also proved these and other results by p-adic methods. 

In the present paper we consider sequences of rational numbers {dm} 
that are integral (mod p), where p is a fixed prime. (More generally the am 
may be integral p-adic numbers.) Now suppose that the a, satisfy 


(1. 2) (—1)"8C =9 (mod p’) 
3-0 


form=r=1. We shall call (1.2) Kummer’s congruence for {am}. The 
same term may also be used for the stronger congruence 


(1. 3) (— 1) Yan, sy =0 (mod p’*), 


where p**(p—1)|b and m=re, e=1, r21. As we shall see, (1. 2) 
implies (1.3). 
Next, generalizing (1.1), we define 


Adpm = (Aym+1 — Oy?” Apm) 
(1. 4) 


Then we shall show that if the sequence {a} satisfies (1.2) it follows that 
the numbers 


are integral for all m. Moreover the residues of these numbers (mod p™) 
are specified. The method of proof is essentially that used in [4]. We also 


* Received October 16, 1952. 
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consider the vase in which the a», are polynomials in an indeterminate u with 
integral coefficients. 

We also discuss some applications (§§ 6,7) of these results as well as 
a generalization (§ 8). 


2. Kummer’s congruences. To show that (1.2) implies (1.3) we 
remark first of all that by the binomial expansion 


wy) {P(-1) — yp = — uw)? + p(tP4#—u) f(t, uv), 
(I 


where f(t, uw) denotes a polynomial in the indeterminates ¢t,u with integral 
coefficients. Then by a straightforward induction (2.1) yields the more 
general formula 


(2.2) OD) — (4 f(t, u) 
4=1 


for all e=1; the f,(t,w) are polynomials with integral coefficients. We 
shall also require the formula obtained from (2.2) by raising both members 
to the r-th power and expanding the right side; this may be referred to 
as (2. 2),. 

Now returning to (1.2) it is clear that the left side may be written in 
the following form: 
(2. 3) — ay) "Am (Bam = 


provided we agree that operates only on m (and therefore commutes with 
d,). Similarly the left side of (1.3) may be written 


(2. 4) — "am. 


Let us consider first the case e = 1, so that b = c(p—1),c=1. Comparing 
(2.3) with (2.4) it is clear since H°®-») — a,° contains HL?" — a, as a factor 
that (1.3) holds in this case. For arbitrary e2=1, we take t= He”, 
u == ,° in (2.2), and apply the special case of (1.3) just obtained. Each 
term in the right member is seen to be divisible by at least p*. This proves 


TuHeoreM 1. If (1.2) holds for m= r=Z1 then (1.3) also holds for 
am — er, f= 1. 


For some applications we shall be interested in the following extension. 
Let dm —Gm(u) denote a polynomial in an indeterminate u with rational 
coefficients that are integral (mod p). (If f(uw) is such a polynomial, then 
the statement f(w) =0 (mod p") means that each coefficient of f(u) =0 
(mod p").) It is then clear what meaning is to be attached to (1.2) and 
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(1.3) in this situation. Moreover it is evident that the above proof applies. 


We may state 


TuroreM 1’. If the dm are polynomials in u with integral coefficients, 
then Theorem 1 holds. 


We also remark that if in (1.2) we replace ap by a number congruent 
to it (mod p), then the congruence will continue to hold; the same is there- 
fore true of (1.3). Indeed we have the identity 


r 


(— 1)" (Mp + 


8-0 
r 
> (--- 1 ) iO rts = (—- ™, 
i=0 s=0 


from which the above statement is evident. 


3. Some lemmas. We shall require the following lemmas. 


LEMMA 1. 


r-1 r 
(3.1) IT = & (— 1)‘[r, 


(p"—1)- — 1) 
Lemma 2. If (pi'—1)/(p—1), ¢ then 


where [r,1] = = ([r,r—1], [r, 0] —1. 


4=0 
Lemma 3. Let 
k 
Wer => i] 
i=0 
where = (p'—1)/(p—1) and denotes a binomial coefficient. Then 
(3. 3) = (0, II e;/T 
i=1 
according asr<k, r—=k, r>k, respectively, where Ux, 1s an integer. 
Lemma 1 is familiar. Lemma 2 is a slight extension of a formula of 


Schur. For Lemma 3, compare [4], Lemma 2. 


4. A formula for A’a,». If in (1.3) we take b= p*(p—1), r—1, 


m= p*, we get — =0 (mod p*t). In other words, using the 
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first of (1.4), we see that Aay,e is integral. In order to treat the general 
case we replace 6 and m in (1.3) by p™(p—1) and p”, respectively, and put 


r 
(4. 1) >> (— 1) = mr 


8=0 


so that Ym, is integral (mod p). Now it is easily verified that (4.1) implies 


r 


8=0 


In particular for r= e, = (p*—1)/(p—1), (4.2) becomes 


ek 
Y (ek- \p™ 1 

s=0 


(4. 3) 
Substituting from (4.3) in (3.2) we get 


i=0 


et 
s=0 


Cr r 
On, > (— 1 )r-i [r, i| 
8-0 i-0 


er 
s-0 


r 
( l/r 1) II ej 
i=1 


er 


s=rt+1 


by (3.3); Wn, and Uy, have the same meaning as in Lemma 3. Thus it 
follows that 


(4.4) = (1/r!) ag" TT 
i=1 


er 


s=r+1 


It may be of interest to mention a variant of (4.4). In (1.3) we replace 
both 6 and m by p™(p—1) and put 


r 
(4. 5) (— 1) \(p-1) = an, 
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so that Q’m,- is integral (mod p). Then (4.5) implies 


(4. 6) (rs1) (p-1) = 


In particular for r+ 1 = p*, (4.6) becomes 


k-1 


s=0 


Substituting from (4.7) in (1.3) we get, very much as before, 


r 
(4. 8) (p-1)p™ = (1/r II (pi 1) 
=1 
2 (1/s 1) Ym, 85 
g=r+1 
where U’»,, is integral and 
AG (p-1) p™ = (G¢p-1)pm4 Ap pm) /p™, 
and 


pm = (ATG (p21) pm — ATG (p-1ypm) /p™?. 


Additional formulas of this kind are easily obtained. 


5. The main results. By means of (4.4) it is easy to derive the main 
results concerning A’a,» (compare [4], §3). It is evidently only necessary 
to examine (s>r). Let rp; then p*’/s!is integral (mod p) 
and is indeed divisible by p unless (i) s =p, r= p—1, or (ii) s=p-+1, 
r==p. We may now state the following two theorems. 


THEOREM 2. A’dpm is integral for 1SrSp—1, while Ara,» has the 
denominator p provided Qm,» 0 (mod p). 


THEOREM 3. For l1SrsSp, 


Qm,r —t) 


5 = m 
(5. 1) (mod p”), 
where Qm,r 1s defined by (4.1). 

Similarly using (4.8) we get, for lS=rSp, 

(5.2) == (1/r!) TT (p* — 1) (mod p™), 

i=1 


where Q’,,, is defined by (4.5); for r< p—1, (5.2) holds (mod p™*). 
In the next place, if as in Theorem 1’ we suppose the am. polynomials 
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in u with integral coefficients then Theorems 2 and 3 will continue to hold. 
The corresponding results will be referred to as Theorem 2’ and Theorem 3’. 


It seems unnecessary to state these theorems explicitly. 


6. Applications to the coefficients of the Jacobi ellipic functions. 
We now assume p > 2. The writer has proved [2] that if 1] =k? is rational 
(mod p), and 
(6. 1) sn gn = >) 


m=1 


then the coefficients a», satisfy (1.2). Consequently we have at once 


THEOREM 4. The coefficients dm defined by (6.1) satisfy Theorems 2 
and 3. 


However it is evident that we can say a great deal more. For not only 
does dm satisfy (1.3) but so also does dm, and Gm;. Accordingly we state 


THEOREM 5. A’dpm; and A’dpm,, are integral (mod p), where t is an 
arbitrary integer. 


It is also easily seen that the last two theorems hold for the coefficients 
bm defined by 
(6. 2) sn*z => 
m=h 
where h, h’, h” are integers and h = 0. 
As for the coefficients Bm defined by 


(6.3) z/snz => 


m=0 


we have by [2], Theorem 4 


(6. 4) > (— 1) = 0 (mod p"), 
i=0 

where tm = Bm/m, p—1 and m >r=i1. Comparison of (6.4) with 

(1.2) shows that the latter is not quite satisfied in this case. However it is 


easily verified that the following theorem holds. 
THEOREM 6. Let tm = Bm/m, where By is defined by (6.3). Then 
(6. 5) A’ (r<p,rsm,k 21) 


is integral provided p—1 Tk +1. 
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In the next place if in (6.1) we use the fuller notation 


(6. 6) sn (a, =SAn(u)2™/m!, 


m=1 
where A,,(w) is a polynomial in the indeterminate u with integral coefficients. 
Then by [3], Theorem 3, we see that A»(w) also satisfies the congruence 
(1.2). Thus Theorem 1’ as well as the later discussion applies and we 


obtain 


THEOREM 7. The coefficients Am(u) defined by (6.4) satisfy Theorems 
2’ and 3’. 

It is clear how the results concerning (6.2) and (6.5) can be carried 
over to the present situation; we shall accordingly not take the space to 
state these theorems explicitly. 


7. Application to Eulerian polynomials. For a second application 
we consider the Eulerian polynomials A,(u) which may be defined by means 
of A,(u) = (u—1)*H;,(u), where 

(1—u)/(e*— u) = Ay (u)a*/k!. 
k=0 
Then Frobenius [5] has proved that H;,(w) satisfies a congruence of the form 
(1.3), from which it follows that the polynomial A;(w) also satisfies a con- 
gruence of the same sort. Consequently applying Theorem 2’ we can assert 
that the polynomials 


is 1) ATA 
have integral coefficients for r << p. We can also specify the residues of (7. 1) 
(mod p™) in terms of the corresponding Kummer quotients. 

8. A generalization. As in [4,§5] the definition (1.4) can be 


generalized. Let us define 


/p*?, 


ApOmpt == 
(8.1) 


Ap"Ampt = (Ap™ 
Then it is clear that A,"A,* = A,°A,". Now put 


where k = p,%- - - ps°*. Theorem 2 implies the following generalization. 
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THEOREM 8. Let k be a fiwed integer =2. If (1.2) holds for all 
primes p, dividing k and < pi, j 8, then 18 integral. 


In particular when all the 7; are equal we may write 8,” in place of 6,” 
in (8.2); it is possible to set up explicit formulas for both 6,” and 8” 
(compare [4], § 5). 
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SOME CONGRUENCES OF VANDIVER.* 


By L. CaRuitz. 


1. Introduction. Professor Vandiver has kindly called the writer’s 
attention to the following congruence for the Bernoulli numbers: 


(ni (mod p—1),i= 1,---,k), 

where the left-member is expanded in full and B,,/m substituted for hi” 
in the result; B, is the Bernoulli number in the even suffix notation 
((B+1)"=Bn,m>1), the A’s are rational integers such that 
(1. 2) At: =0 (mod p), 
and p is an odd prime. For example (1.1) implies in particular 

Bassip—) 
m+ (r—s)(p—1) n+s(p—1) 


provided p—1fm, p—1fn, m>r, n>r. The congruence (1.1) is 
derived from a more general result proved in [5]. 


> () (mod 
s=0 


In the present note we wish to point out a generalization of (1.1) that 
is valid for certain sequences including the Bernoulli and Euler numbers. 
Let {am} be a sequence of rational numbers that are integral (mod p) and 
assume that 


(1. 3) (— = (0) (mod p”), 
s=0 


where a’, is integral (mod p). We may call (1.3) Kummer’s congruence 
for {dm}. Now let {b,,} denote another sequence that satisfies 


> (— 1) = (0) (mod p”), 
8-0 
where 6’, is integral (mod p). Then we prove that 
(1.4) = 0 (mod pr, p™, 
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provided A+ y»=0(modp). The left member of (1.4) can be written 
briefly as 


(1. 5) + 


More generally we prove that if p**(p—1)|u, p**(p—1)|v and 
Ai +: + (mod p*), then 


(1. 6) ab" pb*a’, u/(p-1))r == (mod 


where it is understood that the left member of (1.6) is to be expanded in 
full and a™*(r-#)u, replaced by Gmi(r-s)uy Tespectively. For the 
generalization of (1.6) corresponding to (1.1), see (3.5) below. 

We also indicate a few applications of these results, particularly to the 
coefficients of the Jacobi elliptic functions, in § 4. 

For some related results on sequences satisfying Kummer’s congruences, 
see [3]. 


2. Proof of (1.4) and (1.6). To prove (1.4) we require the fol- 
lowing identity 
r! 


2. mb" (Aa?*b’p + = ti 
(2.1) ab" (Aa?*’p + pb?*a’y) 


Indeed (2.1) is almost immediate if we raise both members of the equation 
+ pb? *a’y = — + — B’p)a’y + (A+ 


to the r-th power and subsequently multiply by ab". If we prefer, we can 
give a straightforward proof of (2.1) without the use of symbolic notation. 
Now assume that {a} satisfies (1.3) and that {b,} satisfies a like 
congruence; also that A-+ »==0 (mod p). Then it is clear that each term 
in the right member of (2.1) is =0 (mod pt: p/- p"-*4, p™, p"). Thus it 
follows that 
2.2) a™b" (da?-*b’, =0 (mod p", p™, p"), 


so that we have proved (1. 4). 


In the next place we remark that if the sequence {dm} satisfies (1. 3) 
then indeed the following congruence holds: 


(2. 3) a™ (a” —a’,”/®))" =0 (mod p’¢, p”), 


where p**(p—1)|w. (For proof see [2], Theorem 1; while in that theorem 
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a’, was taken equal to a», this is not required in the proof.) In place of 


(2.1) we now employ the identity 


(2. 4) a™b” + pbra’ 
r! 
se 


(Ab’,"/@-)) i (pa’*/-1)) j (A + 


am (a" ibn b’,°/(@-1)) j 


As above, (2.4) follows readily from 
hath’ ,?/@-2) + = — a’ 


Hence with the assumptions used in proving (2.2) we have first that 
{am} satisfies (2.3) and that {b,} satisfies a like congruence. Assuming 
also that A-+ »==0 (mod p’) it is clear that (2.4) implies 


apn + = (0 (mod pre, 
so that we have proved (1.6). 


Note that (1.6) continues to hold if we replace a’y, b’p by ay, b”», 
respectively, where a’, =a”,, b’, (mod p). This is a fairly easy con- 
sequence of the fact that a’,?°* b’,?*' = (mod p*), so that 
the left member of (1.6) is unchanged (mod p*) by the replacement. 


3. The general case. The statement of the general case corresponding 
to (1.1) and (1.6) is somewhat complicated notationally. Let {dim}, 


i=1,---,k, denote k sequences each satisfying 
(3. 1) a; — ain)" =0 (mod p’"), 
where after expansion of the left member a;’"**®™” is replaced by di,mss(p-1)- 
Let Ax,° - -, A; denote rational numbers that are integral (mod p) and satisfy 
(3. 2) Ap (mod p°). 
Let ui, ux, denote integers such that 
(3. 3) pe*(p—1)| wi (i=1,---,h). 
Also put 
(3. 4) = a’; where j #1. 

j= 


We now state the following 
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THEOREM 1. Jf (3.1), (3.2), (3.3) and (3.4) hold, then 


where after expansion of the left member a™*8"+ 1s replaced by Gim,+su,- 


The proof of (3.5) is very much like the proof of (1.6) except that 
(2.4) is replaced by a somewhat more elaborate formula, the basis of which 


is the evident identity 


k k k k 
D = D — + DAT] 


i=1 j=l 

In view of the complicated nature of the hypotheses leading to (3. 5) 

as well as of the formula itself, it may be of interest to state explicitly the 

following special case which indeed corresponds more closely to (1.1). We 
assume (3.1) but in place of (3.2), (3.3), (3.4) we suppose that 


(3. 2)’ A+ +A, =O (mod p), 
k 

(3. 4)’ Cip =I] ap, where 7 41. 
j=1 


Then we can assert that if the & sequences {i,m} satisfy (3.1), (3.2)’ and 
(3. 4)’, it follows that 


(mod p™, ». ters 
As a corollary of Theorem 1 we state 
THEOREM 2. Assume in addition to the hypothesis of Theorem 1 that 
(mod p). Then we have 
(mod p™, pm), 
In particular Theorem 2 applies when the sequences {dim} are identical. 
To prove the theorem we note first that (3.6) is an immediate con- 


sequence of (3.5) when pa’. On the other hand when p | a’,, it follows 
readily from (2.3) and the identity 


8 


that me = 0 (mod p**) and this in turn leads to (3.6) in the case p | a’p. 
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4. Some applications. In the first place it is clear that (1.6) and 
(3.5) hold for the Euler numbers F,, (in the even suffix notation) and for 
the numbers h», = B,/m occurring in (1.1) as well as for various related 
sequences. Moreover these numbers can be combined in various ways. For 
example we may mention the special case 


(4.1) hE" (he-* — =0 (mod p™*, 


provided p >2 and (p—1)f{m. Additional results of this kind can be 
stated without any difficulty. 

It is perhaps of greater interest to point out one or two sequences of a 
more recondite sort that also satisfy the hypotheses of our theorems. Let 
p>2 and let J be a rational number that is integral (modp). Let 
sna == sn(xz,1) denote the Jacobi elliptic function with modulus k?=1. Put 


(4. 2) sn = (2m +1)! 
and 
(4.3) = Bomt?"/ (2m) ! (Bo = 1). 


Then [1] the sequence {Am} satisfies A"(A?*— A,)"=0 (mod p’, p™) ; 
also the sequence {ym} == {Bm/m} satisfies »”(?-? — Ap)’ =0 (mod p’, p™*) 
provided (p—1)fm. Thus our results hold for the sequences {Am} and 
{ym}. In particular we can state such congruences as 


and 

(4. 5) (Aum + + Aun)" =0 


where in (4.5) it is assumed that (p—1)f{m;. Also corresponding to 
(4.1) we can state congruences of the type 


(4. 6) Amy" (A? — = 0 (mod p’, p™, 


where (p—1)fn. In the second place we may vary the modulus 1. We 
accordingly consider & sequences {Am(J;) } defined by means of 


sn(2, = (1s) (2m + 1)! 


we define 8,,(1;) in the obvious way. Then Theorem 1 yields 


), 
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Am(1;) -A™ (Ix) (1) +: + (i) C (i) =0 
(mod p’?, p™,---,p™), where the u; satisfy (3.3) and as in (3.4) 
k 
C(i,) =I] A*/@ where 741. Similarly 
j=1 


(mod p™"1,- - p™ 1), where now (p—1)T m. 

As a special case of these results concerning the coefficients of the Jacobi 
functions we may mention the coefficients of the lemniscate function studied 
by Hurwitz [4]. 
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ON THE FUNCTIONAL EQUATION 
dy/dx = f(x, + h)),h > 0* 


By SHaFik Doss and Saap K. Nasr. 


1. The object of the present note is to show that if certain conditions 
bearing on the function f(a, y,z) of three variables are satisfied, then there 
is just one bounded solution of the given functional equation, defined for 
v = x and satisfying the initial condition y(t) = Yo. 

To prove the statement we shall apply Picard’s method of successive 
approximations, making the following assumptions which will insure the 
convergence of the process: 


(i) ¥,2) —f(z,y¥,2)| SKi(2)| ¥—y|4+ K.(2)| Z—2 |, 


(ii) "(Ki (2) + <1, 


(iii) there exist a y and a z for which J | f(t, y,2)| dt <<a. 


Condition (i) is a Lipschitz hypothesis of a very strong type. If the 
integral in (ii) is convergent, then condition (ii) can always be satisfied 
by choosing 2, large enough. The solution will be defined for 7 = 2p. 

With reference to a constant yo, consider the sequence of functions 
defined by 


We have | ¥:(x) — yo | =5 | f(t, Yo, Yo) | dt = A, where A is finite by (i), 


(ii) and (iii). If we assume 


* Received December 15, 1952; revised April 30, 1953. 
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then 
+ Ka(t)| +h) +h) S 


The series — is therefore absolutely and uniformly conver- 
gent and the function y(x) = lim y,(~) exists and satisfies 


(1) y(a) + f y(t +h) at, 


which is equivalent to the given functional equation with the initial condition 
y(%o) = Yo. We observe that | y(x)| =| + A/(1—B). 

It is now possible to prove that y(x) is the only bounded solution Y (2) 
which satisfies (1). In fact, if Y(x) is such a solution of (1), then 


and we can easily deduce, with the previous notations and in virtue of 
conditions (i) and (ii), that 


| ¥(x) —y,(x)| S MB",n = 1, where M = max {| Y(t) — y |}. 
t 
We therefore get Y(x) =lim yn(x) = and our statement is proved. 


If we now assume that condition (i) is satisfied for Y, y, Z, z belonging 
to the interval (yo — 0, +0), then, provided A/(1— B) < b holds (and 
this is always possible if x, is taken large enough), we get by induction 


| — Yna(v)| S AB" and | yn(x) —yo| < A/(1—B) <b. 
Therefore, the solution y(z) = lim y,(z) exists and satisfies 
(2) | y(t) —yo| <6, 
and just as before we may show that this is the only solution satisfying (2). 
Particular case. For the equation 
(3) dy/dz = A(z)y(z) + +h), 
the previous considerations will apply if we assume that 
(4) f | A(x)| dx and 4 | B(x)| dx are convergent. 


Hence (3) has, under the assumptions (4), just one bounded solution defined 
for =, and satisfying the initial condition y(z)) = yo. 


no 
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2. We owe io a referee the following corollaries and comments. 
(a) If y(z) is a bounded solution, then lim y(7) =A exists as r—> 0. 


(b) The limit A can have any real value, and the correspondence y = A 


is one-to-one. 


(c) If x ——oo, there still is a one-parameter family of bounded 
solutions ; for every bounded solution both y(—o) and y(+ 0) exist; each 
one of these can be chosen arbitrarily and determines the solution uniquely; 
the correspondence y(— ) <> y(-++ 00) is one-to-one again. 


(d) If the integral in (ii) is not convergent, the theorem is no longer 


true. 
(e) The case of the linear homogeneous equation (3) is a consequence 
of the following stronger theorem (which seems to be classical) : 
it f | K(a, t)| dé SC <1, then y(x) = y +f K(x, t)y(t)dt has 
0 0 


just one bounded solution. 

To show that, for a bounded solution y(x), the limit y(o), exists, 
consider y(x) as given by (1) and let | y(x)| << M. We have, in virtue of 
(i), (ii) and (iii), 


[M—y| f 4, 


where A is finite and independent of x. This shows that 


J y(t +h) 


is convergent and A=lim y(z) exists and is finite. 


To show (b), consider a bounded solution Y (2) of 


¥ (2) =Yot f F(t Y(t), ¥(t+h))at. 
It is easy to see that 
(5) | Yo—yo|/(1 +B) S| ¥(x) —y(z)| S| Yo—yo |/(1—B). 


If we observe that, in virtue of our uniqueness theorem, A is a non-decreasing 
function of yo, we see that (5) implies property (b). 
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The previous considerations apply if a,—-—o and property (c) is 
therefore true. 

To prove property (d), consider 
(6) (x) = (y(x) + h))/ (e*—1). 


A solution of (6) is y(x) =e*. For x= a, the functions y(7) = ae“ + b 
form a family of bounded solutions depending on two arbitrary constants. 
There is thus an infinity of bounded solutions satisfying the initial con- 


dition y(%o) = Yo. 
To show (e), we only have to define K(x, t), for x= 0, t = 0, as follows: 


K(a,t) = A(t) Ztti<h;K(a,t) =A(t) + B(t—h) 
=B(t—h) for K(2,t) =0 forr<cti<h; 
K(a2,t) =0 for 


Then any bounded solution of (3) satisfying the initial condition ¥(0) = % 
will be a bounded solution of 


(7) = yo+ f K(a,t)y (that. 


That (7) has, under the assumption J | K(a,t)| dt =C <1, only one 
0 


bounded solution, can be seen, just as in the proof of our theorem, by the 
consideration of the sequence of functions 


=Yo+ K (a, t)yodt, Yyn(@) = yo + K (a, t)yn+(t)dt, n=2. 
70 0 
Property (e) is therefore proved. 
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ON NON-OSCILLATORY LINEAR DIFFERENTIAL EQUATIONS.* 


By Puitrie HARTMAN and AUREL WINTNER. 


There are various senses in which the linear differential equation 


(1) a’ + f(t)¢=0, 


where f(¢) is a given continuous function defined for large positive ¢, can 
be required to have the same asymptotic behavior (¢ 00 ) as the case f(t) = 0 
of (1). First, since 2” -+ has the two solutions =1, 
«= y(t) =t, the simplest condition under which f(t) may be considered 
to be small (t{ +00) in (1) appears to be the following requirement: (1) has 
some pair of solutions x= «a(t), y= satisfying 


(21) x(t) (22) y(t) ~t, 


as t-—>0o. A stronger requirement is the existence of a pair of solutions for 
which these asymptotic relations hold and for which the derivatives satisfy 


(3;) a’(t) (32) y(t) =o(t). 
A still stronger requirement is the pair of relations 
(4,) a’ (t) =o0(t"); (42) y(t) > 1, 


the second of which, being the result of a formal differentiation of (22), 
is a natural desideratum, whereas (4,), being a substantial refinement of 
the formal derivative (3,) of (2:), appears to be quite artificial. But this 
appearance is misleading, since it turns out that 

(5) the existence of a solution y= y(t) satisfying (42) is equivalent 
to the existence of a solution x = x(t) satisfying (4,). In addition, 

(6) the existence of a solution y = y(t) satisfying both (3.) and (2.) 
is equivalent to the existence of a solution satisfying both (3,) and (2,). 
Finally, 

(7) the existence of a solution x y(t) satisfying (22) is equivalent 
to the existence of a solution x—<2(t) satisfying (21). Since it is clear 
(by integration) that 

(8) condition (42) [but not (3.)] implies (22), 
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it follows that the assumptions (32), (4:) are equivalent to the formal 
differentiability of the respective asymptotic relations (21), (22). Note that, 
in view of (7) and of the superposition principle, (1) can never have two 
solutions satisfying (21), simply because exactly one of the two solutions 
(21), (22) is bounded as t-»oo (so that any two such solutions are linearly 
independent). 

In order to prove (5) and (6), grant first (7) and note that, since (2;) 
and (22) are two linearly independent solutions of (1), their Wronskian is a 


non-vanishing constant, 
(9) a(t)y’(t) — y(t)a’(t) = const. £0. 


Both assertions of (5) and both assertions of (6) follow immediately if 
each of the four pairs of asymptotic relations assumed in (5) and (6) is 
substituted into (9). 

In order to prove (7), note that, if e—wu(t) is any non-vanishing 
solution of (1), then direct differentiations show that z= v(t) and «= w(t), 
where 


(10,) v(t) =u(t) f (u(s))?ds ; (10.) w(t) = u(t) (u(s))-*ds, 
t 


are also solutions of (1), with the understanding that w(t) exists only if 
the integral occurring in (10.) is convergent. The assertion of (7) follows 
if (10,) is applied to u(t) x(t) or (10.2) to u(t) = y(t) according as 
(2:1) or (22) is assumed. 

This proves that the case k 1 of any of the three properties (2,), 
(2x) + (3%), (2%) + (4) of (1) or f(t) implies and is implied by the 
corresponding case k 2. Hence it is sufficient to consider each of these 
three properties for the case k —1 alone. The first of these three properties 
consists of the existence of a solution curve s = 2(t) which, as to, tends 
to a line A parallel to, but distinct from, the t-axis of the (¢, z)-plane; cf. (2). 
The second and third properties require, besides the first property, that, as 
t—>o, the line A should become a limit tangent and an asymptote, respec- 
tively ; cf. (3,) and (4,). In fact, the definition of a curve x = x(t) having 
an asymptote is the existence of a finite limit 
(11) lim (x(t) — ta’(t)), 


which, if (2,) or the existence of a finite 7(o%) —limz(t) is assumed, is 


equivalent to (4,). 


t 
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It will be convenient to introduce the following terminology: (1) or f(t) 
will be said to have the property (2), (3) or (4) if (1) has solutions s = z(t), 
a=y(t) satisfying (2), (2) and (3), or (2) and (4), respectively. 

In what follows, sufficient conditions, and also necessary conditions, will 
be proved for an f having property (4), and also for an f having the weaker 
property (3). On the other hand, there will result no conditions which are 
sufficient for property (2) without being sufficient for (3) too. 


(i) In order that (1) has property (3), it is sufficient that the improper 
integral 


(12) f f(t)dt converges = lm 
T e 
(possibly just conditionally) and that the corresponding indefinite — 
(13) F(t) f(s)ds Sf = lim 
e 


satisfies the following conditions: 


(14) f F(t)dt converges ) 


(possibly just conditionally) and 


(15) f LF? (t)dt 
The following partial converse of (i) will be clear from the proof of (i): 


(ibis) If conditions (12)-(14) are satisfied, then (15) ts not only 
sufficient but necessary as well in order that (1) has property (8). 


Remark. It follows from (ibis) that (14) and (15) in (i) cannot be 
replaced by 
(16) f | F(t)| dt <0. 

The following counterpart of (i) will also be proved: 


(ii) In order that (1) has property (4), it is sufficient that the 
conditions (12)-(15) of (i) hold and that 


(17) F(t) =0(t") (tx). 


What now corresponds to (ibis) is the following fact: 
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(iii) Jn order that (1) possesses property (4), it is necessary that (12) 
holds and that the function (13) satisfies (17). 


Remark. If (12) is satisfied by (1), that is, if the function F(t) 
exists (which, according to (iii), is necessary for property (4)), and if 
F(t) does not change sign from a certain t =t, onward (which is the case 
if, but not only if, f(t) does not chahge sign from a certain t = ¢° onward), 
then not only (17) but also (16) is necessary in order that (1) has property 
(4). This can be seen as follows: According to (1) and (13), 


(2 — ta’)’ =— tr” = tfe = — = (— taF)’ + ta’) FP. 


If a quadrature is applied to this identity, then, since (4) and (17) imply 
that — trF = o0(1), it follows that the limit (11) exists if and only if the 
integral 


(1 + tx’) Fdt converges ( f = lim j 
e e 
In view of (4), this proves the last italicized assertion. 


A set of sufficient conditions, different from those supplied by (i)-(ii), 
for (1) to possess the property (4) is contained in the following theorem: 


(iv) In order that (1) has property (4), it is sufficient that 


(18) tf(t)dt converges ( f = lim 
e Tox 

and 

(19) f | f(t) <0, 


where p is some index on the range 


(20) i= 


The assumptions (12)-(15) and (17) of (i) and (ii) do not require that 


(21) (| F(t)| dt <a, 


nor that (16) holds, and still less that 


(22) J max | F(s)| dt << 


tis<o 
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or (what is still more stringent) that 


ye 


(23) f tl dt <o. 


On the other hand, (23) or (12) and (22) imply the conditions (12)-(15) 
and (17) of (i) and (ii). In fact, both (22) and (23) imply (22) (hence 
(16)) and (17), while (16) and (17) imply (15). Thus (i) improves a 
classical result (cf. [5], p. 486, footnotes 57 and 58, and [8], p. 854, footnote), 
in which (23) is assumed, and a refinement of this result ([7], p. 595), in 
which (12) and (22) are assumed, and in both of which results it is asserted 
that (1) has the property (3). Actually, the literature consulted does not 
seem to point out, even under the assumption (23), that the conclusion of (i) 
can be strengthened to that of (ii). It is, of course, easy to see that (1), 
(2,) and (23) imply (4,). 

In the course of the proof of (i), where it will be assumed that (12) 
holds, it will be convenient to introduce the functions 


t t 
(24) G(¢t) H*(t) as/12(s), where H(t) = exp f F(s)ds. 

Since -(14) implies that 

(25) H(t) const. (>0) and G(t) (to), 
it is clear that (i), (ibis) and (ii) are contained in the following theorem: 


(v) If (12) is assumed, and if G(t) and H(t) ure defined by (24), 
then (1) possesses a solution x = x(t) and/or a solution x= y(t) satisfying 


(26,) H(t); (26.2) y ~ G(t)/H(t) 
(to) if and only if 

(27) dt/H?(t) 

and 

(28) f <a; 

in which case the relations 

(29,) 0(G"); (29.) y/y=F+ (1+ 0(1))@ 


also hold. 
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Remark. It follows from a criterion of [9], pp. 376-377, that 
assumption (27) of (v) is satisfied whenever (1) ts non-oscillatory. 


(iv) is contained in Theorems (vi) and (vii) below. 

(vi) In order that (1) posssesses a solution x= x(t) and/or a solution 
x=y(t) satisfying 
(30,) (30:) 
(to), it is necessary and sufficient that 


(31) 3 usb. | f rf(r)dr |/(1 + log(1 + s/t)) as too. 
0<8< 


It is easily verified that (31) is satisfied if either (18) holds or (19) 
holds for some p=1. It is understood that (vi) is meant to imply that 
(31) is sufficient for (1) to be non-oscillatory (that is, in order that no 
solution x = x(t) +0 of (1) can vanish for large ¢-values). 

(vii) Jf (19) and (20) hold, then (1) possesses a pair of solutions 
r—y(t) satisfying 

t 


t 
(32,) —~ exp sf (s)ds; (322) y~texp—f sf (s)ds 
and (30,), (302), respectively. 

This furnishes a criterion for (1) to have the property (2), as well as 
for the following situation: (1) has solutions x= 2(t), y=y/(t) satisfying 
(33,) 0Ar—o(1); (332) yt*—>o. 

Corotitary. If (19) and (20) hold and if 


t 


(34) f sf(s)ds > —o, (to), 


then (1) has solutions x = a(t) 40 and x = y(t) which satisfy (331), (301) 
and (332), (302), respectively. 


The above theorems will be proved in the following order: (v), (vi), 
(vii), (ii). 


Proof of (v). With a fixed choice of the lower limit of integration, put 


t 
(35) = 2(t) = exp F(s)as. 
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Then z(t) satisfies the differential equation 

(36) 2’ + (f—F’)z=0. 

Thus, if c= x(t) is a solution of (1) and if w= u(t) is defined by 
(37) 2U, 

then u satisfies the differential equation 

(38) (2?u’)’ +- = 0; 


conversely, if u == u(t) is a solution of (38), then (37) is a solution of (1). 
Thus, (1) has a solution «= -2(t) satisfying (26,) if and only if (38) has 
a solution satisfying 

(39) 


Introduce the new independent variable 


and let w denote du/dr. Then (27) means that r—-o as t-0. The 


differential equation (38) becomes 
(41) i+ F?ztu=0 (¢ = #(r)). 


Since F?z* = 0, a necessary and sufficient condition in order that (41) has 
a solution u = u(r) satisfying (39) as (or is that 


(42) <0; 


ef. [7], Appendix, pp. 601-602. (The condition (42) on (41) is the analogue 
of condition (23) on (1).) In view of (24), (35) and (40), the inequality 
(42) is precisely (28). 

When (28), that is, (42), holds, then (41) has a pair of solutions 


uU=Uu(r), U=v(r) satisfying 
(43,) w=—o(r"); (432) vu~r, t>1, 


as r—>0o. Furthermore, the existence of one of these solutions is equivalent 
to the existence of the other; cf. (5). 

Consider the solutions x = zu and y=2zv of (1). Clearly, (26,) and 
(26,) hold. Since and it follows 
from (40) and (43), that (29,) and (29,) hold. Thus, if (12) is assumed, 
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(27) and (28) are sufficient for the existence of a solution x(t) of (1) 
satisfying (26,), (29,) and/or for the existence of a solution z= y(t) 
satisfying (262), (292). 

There remains to be proved the necessity of (27) and (28). If (1) has 
a solution satisfying (26,) or (26,), then (1) is non-oscillatory. This implies 
(27) (cf. [9], pp. 376-377; for a refinement of this assertion, ef. [3]). 
Finally, in the above proof of the sufficiency of (28), it was pointed out 
that (28) is necessary and sufficient when (12) and (27) hold. This com- 


pletes the proof of (v). 


Proof of (vi) and (vii). Consider the variation of constants and the 


change of independent variables 


(44) eu 
and 
(45) logt (¢ = e?7), 


respectively ; so that 


if w= du/dr. By virtue of (44) and (45), the differential equation (1) is 


equivalent to 


(47) ui — (1+ 
where 
(48) o(r) =—4tf(t), 


A necessary and sufficient condition that (1) be non-oscillatory and 
possess a solution = «(t) y(t) ] satisfying (30,) [(30.)] is that (47) 
be non-oscillatory and have a solution u—u(r) [w= v(r)] satisfying 


This is clear if and y=e7v, since and 
=7'(1-+ 6/v), where 7’ = On the other hand, a necessary and 
sufficient condition for (47) to be non-oscillatory and to have a solution 
wu u(r) and/or a solution u = v(r) satisfying (49,) or (492), respectively, 
is that 


(50) u. b. | o(p)dp +f dp) 0, 


0<o< 


as t—>00; cf. [2], Theorem (IV), p. 570. Since (50) is equivalent to (31) 
by virtue of (48), assertion (vi) follows. 


by 
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In order to prove (vii), note that (19) is equivalent to 


(51) | |? dr <0, 


by (48). By [2], Theorem (VII), p. 575, condition (51) assures the 
existence of solutions u—wu(r), v= v(r) of (47) satisfying, as 


(522) ~exp(r +3 ff $(c)dc) 


and (49,), (49.2). The corresponding solutions z= e™u and y = e7v of (1) 
satisfy (30) and (32). This proves (vii). 

teversing the procedures of the proofs of (vi) and (vii), it is possible 
to obtain conclusions concerning the asymptotic behavior of solutions of (47) 
from those concerning solutions of (1). For example, (i) and (v) supply 


the following criterion: 


Let (7) be continuous for large + and have the properties that 


(53) converges f = lim 
T 20 
(possibly just conditionally) and that the corresponding indefinite integral 
(54) = ff cf —lim 
0 e 
satisfies the following conditions: 
(55) converges ( fr ) 


(possibly just conditionally) and 


(56) f dr 
Then (47) possesses a of solutions u=u(r), v= v(r) satisfying 


(57,) U—~er; (57.) 


. 
T 
T 
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and 
(58; ) u/u=—1+ 0(| ®(r)| e7) + 0(1); 
b/v =1+ O(| ®(r)e?7) + 0(1). 


Proof. By (45) and (48), the relations (12), (14), (15) are respec- 
tively identical with (53), (55), (56); while, by (44), the existence of 
solutions —<a2(t), r=—y(t) of (1) satisfying (3) is equivalent to the 
existence of solutions of (47) satisfying (57). Finally, (58) follows from 
(29) by virtue of (44), (45). 

Similarly, (v) itself leads to theorems concerning asymptotic integrations 
of (47) in which (57), the analogue of (2), is replaced by 


(59,) u~exp(—r7r+ f ®(a)de) ; 


(59.) v~exp(—r +f ®(c)dc) (exp — 2 f 


Proof of (iii). If a solution c= 2(t) of (i) does not vanish (on a 
t-interval), then 1 = 2’/z exists and satisfies the Riccati differential equation 
f(t) =0 (on that ¢t-interval). If satisfies (2,), then 


t 
(60) ut) + f P(s)ds+ ff f(s)ds =1(to), 


if the lower limit of integration ¢ = ¢, is sufficiently large and fixed. If, in 
addition, —<2(t) satisfies (4,), then 1(¢t) 0, and the first integral in 
(60) tends to a finite limit, as t—>0. Hence (12) holds. Consequently, 
(60) can be written as 


(61) ut) f 12(s)ds + F(t). 


In view of (4,), this implies that o(¢-*) = 0(t*) + F(t), which proves (13). 
This completes the proofs of all assertions made above. 


THe Property (4*). In what follows, differential equations (1) will 
be considered for which the existence of a solution = y(t) satisfying (42) 
can be improved to 


(62) y(t) =t+0(1), y(t) =1+ 0(t"). 
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It turns out that this is the case if and only if every solution of (1) has an 
asymptote, that is, if and only if (1) has two linearly independent solutions 
t=2,(t), x= -«.(t) each of which leads to a finite limit (11). Then (1) 
will be said to have property (4*). It will be seen below that property (4) 
is necessary, though not sufficient, for property (4*). 


The following remarks (a), (8) will be needed: 


(a) If «= ~2(t) is any fixed solution of (1), it has an asymptote if 
and only if the improper integral 


(63) f tf(t)x(t)dt converges ( J 


= lim 
To 
(8) <A function = z(t), possessing a continuous first derivative x’ (t) 
for large positive ¢, has an asymptote if and only if there exists a pair of 
constants a,b satisfying both conditions 


(64;) w(t) =at+b+0(1); (641) 2’(t)=a- o(t) 


Proof of (a). Since (1) means that (« — tx’)’ = — ta” is identical with 
tfx, the existence of the limit (11) is equivalent to condition (63). 


Proof of (8) (cf. [1], pp. 144-145). The existence of the limit (11) 
means that «— x(t) satisfies a linear differential equation of the form 
z= tx’ + const. + h(t), where h(t) is a (continuous) function satisfying 
h(t) +0 as t->oo. If this linear differential equation of first order is 
integrated by a quadrature, (64;) follows. But direct substitutions show that 
if x(t) is of the form (64;), then (6411) is equivalent to the existence of 
the limit (11). 


It is easy to conclude from (8) that property (4*) implies property (4). 
In fact, if there belongs to every solution x(t) of (1) a pair of constants a, b 
satisfying (64,;) and (64;;), then a0 for some solution. -For, if it is 
assumed that (64;) and (64;;) hold for two linearly independent solutions 
t=2,(t), c= y(t) with (a,b) =(0,0,), (a,b) = (0, b2), respectively, then 
the Wronskian 7,7.’ — is O(1)0(1) + O(1)o(1) = 0(1), which is impos- 
sible, since the Wronskian of two linearly independent solutions of (1) is a 
non-vanishing constant. Accordingly, property (4*) implies the existence 
of a solution x = y(t) for which (64;) and (64;;) hold witha=1. But this 
implies (4,), and therefore the existence of a solution z(t) satisfying 
(2,) and (4,). 
The equivalence of property (4*) and of the existence of a solution 


| 
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y=y(t) satisfying (62) now follows by taking a linear combination of 
solutions satisfying (21)-(4:) and the case of (64;)-(64;). 

In particular, (1) must possess a solution z(t) ~¢. It follows that 
if f(t) does not change sign from a certain t=t° onward (that is, if 


(65) f(t) == | 


where the choice of the sign is independent of t = ¢°), then the condition 


(66) f t? | f(t)| dt <a 


is necessary and sufficient in order that (1) has property (4*}. In fact, if 
(1) has property (4*), then (63) must be satisfied by every solution z(t), 
and therefore by some solution «(¢) ~?t, and so the necessity of (66) 
follows from the assumption (65). On the other hand, the sufficiency of 
(66) for the (4*)-character of (1) is true without the assumption (65) also. 
This follows as a particular case (g = 0) of the following criterion (y) : 


(y) If f(#) and g(t) are continuous functions satisfying (66) and 


(67) tla|at<e, 
then every solution x= z(t) of 


(68) + g(t)x’ + f(t)e=0 


has an asymptote. 


This criterion (y) is known; cf. [4], where, however, a lengthy proof 
is given, since it is not observed that (y) is an easy consequence of the 
following lemma (ybis) which, in another form, is of a much older date 
(cf. [5], p. 486, footnotes 57 and 58, and [8], p. 854, footnote; for a simple 
proof, cf. [6], pp. 262-264). 


(y bis) Let the coefficients a;,(¢) of a linear differential system 
(69) w’ = ay, (t)u + ayo(t)v, = Ae: (t)u + doo(t)o 


be continuous functions satisfying 


(70) f | ay.(t) | dt (i, k = 1,2). 


Then there belongs to every pair of constants a, 8 a unique solution of (69) 


| 
| 
I 
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satisfying (u(t),v(t))—>(a,8) as t->0 (which implies that the limits 
a=u(o), exist for every solution). 


In order to deduce (y) from (y bis), put, with reference to any solution 
a=x(t) of (68), 


(71) u=z—tr’, == 


Then w’ = — ta” = t(ga’ + fr) = tgv + tf(tv + u), =— w/t. This 
representation of wu’, v’ can be written in the form (69), with 


(72) a,, = tf, = tg + Ff, = —f, — 9 — ff. 


Since (70) can be reduced to the pair of conditions (66)-(67) in the case 
(72), it is seen from the definition (71) of wu that (y) is a corollary of (y bis). 


Remark. Suppose that (1) is oscillatory, that is, that some (hence, 
according to Sturm, every) solution z(t) 0 of (1) has zeros ¢ = #, which 
cluster at ¢=oo. Then (1) can have a solution x(t) +0 possessing an 
asymptote (cf. below), but it cannot have two, linearly independent, such 
solutions. For, if it did, (1) would possess property (4*), hence property 
(4), and therefore a solution satisfying (21), which is impossible when (1) 
is oscillatory. That one solution (540) possessing an asymptote ts com- 
patible with the oscillatory character of (1), is shown by the following 
example: 


Draw in the (¢, z)-plane a graph x = z(t) in such a way that the graph 
of | x(t)| consists of a sequence t2), (to;t3),- of strictly convex 
arches, and that sgna(t) = (—1)" if th << t < tix, while x(t,) =O and 
AO, where n=1,2,--- and t,->0. Then, if the function 2(t) 
possesses a continuous third derivative, a continuous function f(t) is defined 
by placing f(t) =— a” (t)/x(t) or f(t) =f(t+ 0) according as or 
t = t,, since the existence of lim 2” (t)/xz(t), as t > t,, follows from l’Hopital’s 
rule. With reference to this f(t), the function x(t) is a solution of (1), 
hence (1) is oscillatory. But it is clear that the successive waves of the graph 
of x(t) can be chosen in such a way that t,2’(t,) 0 and t,., —t, < const. 
(hence ty1/tn < Const.) as n—>o. Then, for reasons of convexity, 
tx’(t) +0 and x(t) +0 as t->, and so the limit (11) exists. 
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LINEAR DIFFERENTIAL AND DIFFERENCE EQUATIONS WITH 
MONOTONE SOLUTIONS.* 


By Puitie Hartman and AUREL WINTNER. 


1. A corollary of one of the principal theorems to be proved below is 
the following: 


(i) Jn the linear, homogeneous differential equation of n-th order 


(1) fo(t) Dy + 3 (—1)**fe(t) 0, (D = 4/it), 


let the coefficient functions fo,- - + fn be continuous on 0<t<o and let 
fo and fe, satisfy 


(2) fo>0O and f, 20 for 2,3,- --,n, (0<t<o), 


while f; 20. Then (1) has at least one solution y= y(t) which is positive 


and non-decreasing for 0 <t< and, what is more, 
(3) y > 0 and (—1)iDiy = 0 for every 7 <n (0<t<o). 
The same is true if 0<t << 1s replaced by OSt<o. 


If the second of the inequalities (2) is assumed for * —1 also, then 
it follows from (1) and (3) that the second of the inequalities (3) remains 
true for 7 =n. 

Assertion (i) is a generalization of a theorem of A. Kneser ([5], 
pp. 178-192), which assumes that n=—2 and that (1) is of the form 
f.D?y —foy 0, where f,;=0; for the general case of n—2, ef. [38]. 
These proofs for n==2 depend on convexity arguments which are not 
applicable when n >2. Actually, the proof of (i) below will be much 
simpler than the proofs of [5], [3] for the particular case n = 2. 

It is easy to conclude that (i) has the following corollary: 


(ibis) Jf fo >90 possesses a completely monotone derivative, and if 
+ are completely monotone, on 0 <t<o (that is, if 


(4) fo>0, 
-), 
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where 0<t<o), then (1) has at least one solution y(t) 40 which is 
completely monotone for0 <t<o: 


(5) (—1)/Diy = 0 for 7=0,1,---. 

The same is true if t 1s replaced byOSt<o. 

In other words, if each of the functions Dfo, f:,- - -, fn is representable 
as a Laplace transform 


(6) fl e'8du(s), where du(s) 20, 

0 
for0 << t<o or0St<o (Hausdorff-Bernstein), and if f, > 0, then (1) 
has at least one solution y = y(t) 0 which is representable in the same 
form on the same f-range. (ibis) was proved in the case D*y —f.y =0 of 
(1) in [8] and in the general case of n = 2 in [3]. | 


(i) and (ibis) have analogues for difference equations: 
(ii) In the linear, homogeneous difference equation of n-th order 


(7) fo(m)A"y(m) +3 (— =0, (m=0,1,--°:), 
k=1 


let the coefficient sequences fo(m),f1(m),---,fn(m) satisfy t 
(8) fo(m) >0 and f,(m) for k=2,---,n, (f: 20), 
where m=0,1,---, and | 

(9) fo(m) fu(m) > 0 (m=0,1,--°). 
Then (7) has at least one solution y= y(m) satisfying r 
(10) y(m) >0 and (—1)/A%y(m) 2 0 for j= 1,---,n—1 } 
(m = 0,1,-- -). ( 


It is understood that Ay(m) = y(m + 1) — y(m), A®y(m) = A(Ay(m)) 
= — 2Ymsi + The case n=2 of (ii) was proved in [4]. 
It is worth making the following remarks concerning (ii) : 


Remark 1. If it is assumed in (ii) that f;(m) = 0, where m =0,1,---, [J ( 
then (7) and (9) imply that (—1)"A"y(m) = 0. 
7 
Remark 2. If n> 1 and if it is assumed in (ii) that f,(m) >0 for 
( 


an infinity of m-values, then — Ay(m) >0 for every m= 0. 


j 
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Remark 3. If (9) is weakened to fyo(m) —3f,(m) and 
k=1 


—f,(m) >0, then (ii) remains valid if the first inequality in (10) is 
correspondingly weakened to y(m) = 0 (so that the solution in question can 
be of trivial type, that is, y(m) =0 for all sufficiently large m). 


The analogue of (ibis) is as follows: 


(iibis) If (9) holds and if each of the n+ 1 sequences Af,(m), 
where m=0,1,---, ts completely montone (that 1s, 
if (9) and 
(11) 20, (—1)/A’f,(m) 2 0 for k= 1,2,---,n 

(j,m =0,1,-- -) 
hold), then (7%) has a solution y=y(m) > 0 which 1s completely monotone, 
that is, 

(12) (—1)*A’y(m) 0 for =0,1,--- (m =0,1,° 


The case n = 2 of (iibis) is known [4]. 
2. Both (i) and (ibis) will be deduced from corresponding theorems 
on systems of linear differential equations of first order. In order to simplify 


the notation, the following abbreviations will be used: If 7 = (2,,- - -, @) 
is a vector, then 


(13) = 0 means that 7, = 0 for k—1,---,n. 
Similarly, if A = (a) is an n by n matrix, then 
(14) A =0 means that a, 20 for 1,k =1,---,n. 


The analogous abbreviations «>0 and A>O will also be used. If 
P= (pi1,° °°; Pn) is a vector, the product px will represent the vector 


(15) poe (11, * 
The main theorem on differential equations to be proved is as follows: 


(1) Let A=A(t) be an n by n matrix of continuous functions 
satisfying 
(16) A(t)20 (0<t<o). 
Then the system of differential equations 


(17) =—A(t)x 


at 
n 
j 
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has at least one solution x = x(t) #0 satisfying 
(18) a(t) 20 and —a’(t) 20 (0<t<o). 


Needless to say, x(t) is defined and continuously differentiable on the 
closed range 0 = t <o if A(t) is defined and continuous there. 


Remark 1. If = - +, #0 is a solution of (17) 
satisfying (18), then 0) = lim as exists and is non-negative 
for k=1,2,:--,n, while —a2’,(t) is non-negative. Thus —2’;(t) is 
integrable over 1=¢t<o. It follows therefore from (16), (17) and (18) 
that a necessary condition for 2;,(0) >0 to hold for some & is that the 
elements aj,(¢), where j = 1,- - -,n, of the k-th column of A(t) be integrable 
over 1=t<oo. This necessary condition is not sufficient, as is shown by 


the binary system 
=— = — 2, /t? (0<t<o). 
In fact, the general solution 2 = (2,, 27.) of this system is 
(¢,t* + — ac,t~ — 


where A = a, 8 = $(1 + 5+) are the roots of the quadratic equation A(A— 1) 
—1=+0. But the system has (up to constant factors) only one solution 
z= a(t) = (t8,— Bt®"), where 8B = 4(1— 54) < 0, satisfying (18). For 
this solution, z(0) is (0,0), although the elements of the first column, 
@1,(t) =0 and az, = t*, are integrable over 1S t 

On the other hand, when (16) holds, a necessary and sufficient condition 
in order that (17) possess a solution satisfying (18) and x(o) > 0 ts that 
every element aj,(t), where j,k =1,---,n, of A(t) be integrable over 
1=t<o. The necessity of this condition follows from the above remarks 
concerning > 0 (for some The sufficiency of the condition follows 
from a particular case of a theorem of Dunkel [1]; for a short proof of this 


particular case, cf. [9], pp. 262-264. 


Remark 2. Let A= A(t) in (I) be constant (independent of ¢) and 
let r= x(t) #0 be a solution of (17) satisfying (18). Every solution of 
(17), in particular, the 2(¢) supplied by (1), is a sum of solutions of the 
form = (ct/+ O(t"))e* ($40), as where Ac—Ac, X is an 
eigenvalue of A, c a corresponding eigenvector and j a non-negative integer. 
Hence, the partial sum « = %(ct/ + O(t/*))e of these solutions, belonging 
to the A-values with the least real part and to the greatest j associated with 
these A, is real and satisfies r=0 for large ¢t, since r—-2(t) does. In 


LINEAR DIFFERENTIAL AND DIFFERENCE EQUATIONS. 735 


particular, A is real and c= 0. Hence, = ce™ is non-negative (for all 
and is a solution of (17). But (16) and (17) imply that 2’ = —Ace™ is 
non-positive (for all ¢); so that A= 0. 

It follows that (I) can be considered as a generalization of the algebraic 
theorem of Perron ([6]; cf. Frobenius [2]) which states that a non-negative 
(constant) matrix A possesses at least one non-negative eigenvalue A, corre- 
sponding to which there is a non-negative eigenvector c. (There also follows 
Perron’s result which states that if A > 0, then, in the last assertion, A= 0 
and c=0 can be improved to A >0 andc>0. In fact, A >0 is needed, 
by Remark 1, to assure that r(/) = cc*—+0 as t->00, and c > 0 follows 
from the equations c—A‘Ac, since A > 0 and (04+) c=0.) 

Corresponding to the preceding deduction from (I), the assertion of (i) 
can be considered as a generalization of a particular case of Descartes’s rule 
for the existence of a non-positive root for a polynomial. 


(I) has the following corollary: 


(Ibis) Let A= A(t) be a completely monotone n by n matriz and let 
p(t) be a positive vector having a completely monotone derivate on 
0<t<o; that ts, let 


(19) for j—0,1,- 
and 
(20). and (—1)/D'p=O0 for j—0,1,---, 


where0<t<o. Then 
(21) pu’ = — Ax 


has at least one solution vector x = x(t) #0 which is completely monotone 
(22) (—1)*Dix=0 for j=0,1,---. 


The same is true tf t is replaced by OSt <oo. 


Remark. In [10], [7], linear differential equations with coefficients 
representable as Laplace transforms (6) not subject to du(s) = 0 were con- 
sidered. Instead of the condition du(s) 20 for all s=0, it was assumed 
that the contribution of small s >0 to the integral (6) is small, in the 
sense that 


+0 
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for example, that du(s) =0 for 0OSsSec, wheree >0. The assertions of 
the theorems proved were to the effect that there exist non-trivial solutions 


which are (or that all solutions are) representable as Laplace transforms 


(6), where dp = 0. The methods used were a “comparison of coefficients 
and a majorant method.” 

Theorems (ibis) and (I bis) seem to suggest that these theorems can be 
proved without the assumption for small s(>0) on the du(s) occurring in 
the representation of the coefficients, since it might be expected that the 
solutions supplied by (ibis) or (I bis) furnish a suitable majorant. Since, 
however, the proofs of (ibis) and (I bis) do not depend on a comparison of 
coefficients, but on qualitative arguments leading directly to (5) and (22), 
this is not the case. Simple examples illustrate this negative statement; for 
example, in the differential equation 2’ = z/t, where 0 < t <0, the coefficient 
function 1/¢ is the Laplace transform (6) of p(s) =s, but no solution 
x = const. is a Laplace transform. 


3. Proof of (1) and (Ibis). Let x° denote a vector satisfying 2° > 0; 
for example, let 2° = (1,1,---,1). For a positive integer /, let = x'(t) 
denote the solution of (17) satisfying the initial condition 7(¢) = 2° when 
t= 1. The assumption (16) shows that any solution r= 2(t) of (17) satis- 
fies — 2’ (t) = 0 on any ¢-interval on which z(t) 20. Since > 0, 
it follows that z'(t) > 0 for ¢ near 1, hence =0 for ¢ near 7. Thus 
x(t) =z'(l) > 0 for ¢ less than and close to 1. This argument shows that 
x(t) >0 and 20 for 0< tS. 

If == (z',,---,2',), put so that 
a, >0. Let Then is a solution of (17) and 
satisfies 
(23) 2'(t) > 0 and —2z”(t) =0 for O< tS l 


and, at ¢ = 1, the components of the vector z'(t¢) satisfy 
(24) 0< 24.(1) =1 for k=1,2,---,n; while 2% =1 


holds for at least one index k = k(1), where 1 [k(1) Sn. 
It is clear from (24) that there exists a sequence of integers 1,,1:,- - - 
with the property that 
(25) z° = lim z'(1) exists 
so that 
(26) z°, =1 for some k (ljsSksn). 


| 
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The relations (25) and (26) imply that, if c— z(t) is the solution (17) 
determined by the initial condition 7(1) —2z°, then w(t) 40, and that 
> a(t) as j—0, where holds uniformly on every closed, 
bounded subinterval of 0<t<oo. Hence, the first inequality in (18) 
follows from (23), while the second is a consequence of the first and of (16), 
(17). This proves (I). 

It will be cRar from the remark following (I) and from the proof of 
(I bis) below that it is sufficient to consider the case in which the underlying 
t-range is the open half-line 0 <t<o. Note that, since the k-th equation 
in the system (21) can be divided by p,(t) > 0, assertion (1) implies that 
(21) has at least one solution z = z(t) #0 satisfying (18), which is equi- 
valent to the cases 7 =0 and j =1 of (22). The set of all relations (22) 
will be proved by induction. 


The equation (21) and the product rule for differentiation give 
j-1 j 
= > (Dz) > Cy (Di-*A) (Diz), 
i=0 4=0 


where the Cjm—=j!/m!(j—m)! are the binomial coefficients. Hence, if 
(—1)"D"z = 0 for m=0,1,- - -,j, then (20) shows that 


(—1)4(Dr-tp) (D2) = 0 


for 1=0,1,- --,7—1, while (19) implies that = 0 
for 1=0,1,:--,7. Thus, from p> 0 and the last two formula lines, 


(— = 0. 
This proves (I bis). 


4. Proof of (i). In the proof of (i), it can be supposed that f, =1, 
for otherwise (1) can be divided by fy > 0. Then, if 


t 
(28) g(t) exp f fi(s)ds > 0, (0<t<o), 
1 
(1) can be written in the form 
(29) (gD™¥y) + 3 0. 
=2 
Hence, if 


(30) = y, — +, = (— 1)" = (— 1)" *g Dery, 
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(29) can be written as the system of linear, first order differential equations 


n-1 
(31) = — X2,° = — = — Ln = — 9 
k=1 


In view of (2) and (28), condition (16) of (I) is satisfied when (31) 
is identified with (17). The definitions (30) and the assertion of (1) imply 
that (1) has a solution y = y(t) #0 satisfying the second gf the inequalities 
(3) for j7=0,1,---,n—1. In particular, y20 and Dy=0. Hence if 
y = 0 for some value of t= > 0, then =0 for ¢= to, and therefore 
for 0<t<o. Since this is a contradiction, it follows that y(t) > 0 for 
0<t<o. This proves (3). 

The transition to the case of (i) in which 0<t<o is replaced by 
0 <t<o is obvious. For in the latter situation, where the coefficients of 
(1) are defined and continuous on 0=t<, any solution y=y(t) on 
0 <t<oo can be defined (by continuity) at { 0 so as to be a solution on 
0=<=t<o. By continuity, the last set of inequalities in (3) holds at t= 0 
also, while the first inequality in (3) follows at {0 from the monotony 
of y for ¢ >0. 


5. Proof of (ibis). Assertion (I bis) implies (ibis) if (1) is written 
as the system of linear, first order differential equations 


n 
k=1 


In fact, if 7; = y, = — Dy,: +, = (—1)""* then (32) can be 
identified with (21), where p is the vector (1,-- -,1, fo) and every element 
ay, of the matrix A(t) is either one of the functions fj, fo,- -.-. fn. or is 
identically 0 or 1. Thus (4) implies conditions (19) and (20) of (I bis), 
and the assertion of (I bis) is equivalent to that of (ibis), by: the definition 
of the vector = - -, 2p). 


6. The theorem (I) for differential equations has an analogue for 
difference equations: 


(II) Let A=A(m) = (ai, (m)) be an n by n matrix function of the 
non-negative integer m. Suppose that i 


(33) A(m) =0 (0<m <a), 
and that, if I 1s the unit matriz, the reciprocal ty ett: 


(34) 


(I — A(m))-* exists and is 20 


(0S m<Xo). 
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Then the linear, homogeneous, vector difference equation 


(35) Ar(m) = — A(m)2(m) 

has at least one solution x =2x(m) satisfying 

(36) r(m) 20 and —Azr(m) 20 (0=m<o), 
and 

(37) x(m) ~0 (0=m<o). 


The relations (35) and (37) show that 
(38) Az(m) ~0 if det A(m) 


It will be clear from the proof of (II) that if condition (34) is replaced by 
the assumptions that, for some integer | = 0, 


(34*) (J — A(l))x =0 has a solution, 
and 
(34**) (1 —A(m))* exists and is for 0S m 


then (II) remains valid if (37) is weakened to r(m) £0. In fact, (35) will 
then have a solution 2 = x(m) satisfying (36), 7(m) 40 for m = 0,1,---,], 
and =0 for 

The difference analogue of (Ibis) is as follows: 


(II bis) Let A(m) satisfy the conditions of (II). In addition, let 
A(m) be completely monotone, and let p= p(m) be a positive vector having 
a completely monotone first difference; that is, let 


(39) (—1)/A/A(m) 20 for —0,1,:- - (0O=m<o) 
and 
(40) p(m) >0 and (—1)/A*p(m) = 0 (0O=m <0). 


Then (35) has at least one solution x—a(m) which satisfies (37) and ts 
completely monotone, 


(41) 2 0 for =0,1,--: - 


7. Proof of (11) and (IIbis). The equations (35) can be written in 
the form 


(42) +1) =2(m) —A(m)x(m) = (I—A(m) )z(m), 
which, since J— A(m) is non-singular, is equivalent to 


(43) = (I— A(m))-*2(m +1). 


739 
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The equations (42) and (43) show that if J is any non-negative integer and 
x° is an arbitrary vector, then (35) has a unique solution satisfying z(1) = 2°; 
in fact, (42) then determines z(m) for every m > 7, while (43) determines 
a(m) for every m <1. Furthermore, (34) implies that, if 1 > 0 and if the 
assigned initial condition 7(/) = 2° is a non-negative vector, then z(m) = 0 
for 0= m Si, and so, by (35), Ar(m) for OSmSl. 

The proof of (II) can now be completed along the lines of the proof 
of (1), as follows: Let J be a positive integer, z° a positive vector, say 
= (1,1,---,1), and = z'(m) the solution of (35) satisfying = 2°. 
Then z'(m) and —Az'(m) 20 for OS mSI. In particular, z'(0) 
= z'(l) > 0, so that a = a; = max(zx',(0),- - is positive. Let 
z'==z'(m) =2'(m)/a,. Then is a solution of (35) satisfying 


(44) z'(m) > 0 and — Az'(m) 20 and OS mS! 


and, at m = 0, the components of z! satisfy 0 < z'4.(0) S1 for k =1,---,n, 
while = 1 holds for at least one index k=k(1), OS k(l1) Sn. 


Let /,,1.,- - - be an increasing sequence of integers such that 
(45) 2° = lim 2'(0) exists =];). 


Clearly, z°, = 1 for some k, where 1 n. Let x be the solution 
of (35) determined by x(0) = 2°; in particular, 7(0) 40. If c—-2(m) 


in (42) is replaced by x= z!'(m), it follows from (45) and an induction 

on m that 

(46) x(m) = lim z!(m) (l= 1;) 
joo 

for m=0,1,---. Hence (36) follows from (44). 


The remark made after (42), concerning the uniqueness of a solution 
of (35) satisfying a given initial condition, shows that (37) is satisfied, 
since z(m) s£0. Hence (II) is proved. 

The proof of (II bis) is similar to that of (Ibis) and will be omitted ; 
ef. [4], pp. 127-128. 

8. Proof of (ii) and (iibis). In view of the condition f,)(m) > 0, 
it can be supposed that fo(m) ==1. Then (9) is 


(47) 1—3f,(m) > 0; 
k=1 


in particular, 1—f,(m) >0. Put 


(48) = 1 and g(m) > 0 
for m=—1,2,--:; 
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so that Ag(m) = g(m+1)f,(m) for m =0,1,- - - and A(g(m)A"™*y(m)) 
=g(m + 1)(A"y(m) + fi(m)A™*y(m)). Thus (7) can be written as 


(49) + 1)A(g(m)ar*y(m)) ++ (— 0. 

In terms of the vector = (2,(m),° -,2,(m)) defined by 
the equation (49) is equivalent to the system of first order difference equations 


(51 ) Av, = = — Ar, =— tal 


n-1 
Aan(m) =—g(m+1) 
k=1 


If (51) is identified with (35), it is seen that (33) holds. 
In order to prove the existence of (J —A)-1, let (51) be solved for 
a(m), if possible. To this end, put 


(52) Fy(m) =fi(m) + +--+ -+fn(m) = 0, where k —1,- -,n. 


Multiply the k-th of the equations (51) by g(n + 1)Fy-x.:1(m) or 1 according 
as k==1,---,n—1 or k=n, and add the resulting n equations. The 
result is 


g(m + 1) 3 +1) + + 1) 
= (1 — g(m + 1)F.(m)/g(m))x,(m), 
or since, g(m + 1)/g(m) = 1/(1—f: (m)), 


(53) (1—fia(m))g(m + +1)/(1 — Fi(m)), 


where 1— F,(m) > 0, by (47). It follows that x,_,(m), 
can successively be expressed in terms of the components of 2(m-+ 1), by 
using (53) and the (n—1)-st, the (n —2)-nd,- - - of the equations (51). 
For the first »—1 of the equations (51) can be written (in the reverse 
order) as 


(54) = + 1) + 
Ln_o(M) = + 1) + = 2,(m + 1) + 22(m). 


Since the system (53)-(54) is equivalent to (43), it foliows that (I — A)" 
exists, in view of (47), and that (I— A(m))* = 0, by (47) and (52). 
Thus (II) is applicable to the system (51). Hence there exists a 
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solution z= 2x(m) satisfying (36) and (37). It follows by (50) that (7) 
possesses a solution y = y(m) +0 such that (10) holds if the > is replaced 
by = in the first inequality in (10). However, if y(l) —0 for some /(= 0), 
then y(m) =0 for m 2 1, since y(m) = 0 and —Ay(m) S0. In this case, 
xz(m) =0 for ml, by (50). Since this contradicts (37), it follows that 
y(m) > 0 for m=0,1,- - and so (ii) is proved. 

As to the Remark 2, following the statement of (ii), note that 
det A(m) = (—1)"g(m + 1)fn(m), by (51); so that det A(m) —0 if and 
only if f,(m) =0. Thus, the assumption of Remark 2 and (38) show that 
“Ar(m) =0 for m=1” cannot hold for any 1. But if n > 1 and Ay(m) = 0 
for m =I, then Ay(m) = 0, and so Ar(m) =0 for m Zl, by (50). Hence 


—Ay(m) >0 for m=0,1,--:-. 


As to Remark 3, it is sufficient to apply the comments made above on 
(34*), (34**) and (II). The proof of (ii) shows that (I — A(m) )~ exists 
(and is = 0) for a given m, if and only if the inequality in (9) holds. For 


some m, let 
(55) fo(m) =0. 
k=1 


Using the notation of the proof of (ii), where f)(m) = 1 and where (51) is equi- 
valent to Ax(m) — A(m)za(m), it is seen that « = (1/g(m),- - -,1/g(m), 1) 
is a solution of A(m)z =a, if it is recalled that 


g(m + 1)/g(m) = 1/(1 —f,(m)) 


and 1—f,(m)—F.(m)+---+ F,(m). Hence, if (9) is weakened to 
allow = in place of >, then (34*) and (34**) hold for the least m =1= 0 
satisfying (55). 

The assertion (ii bis) follows from (II bis) in exactly the same way as 
(ibis) does from (Ibis). The proof of (iibis) will therefore be omitted. 
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A CONNECTION BETWEEN THE WHITEHEAD AND THE 
PONTRYAGIN PRODUCT.* * 


By Hans SAMELSON. 


1. Introduction. Let XY be a 1-connected (i.e. arewise and simply con- 
nected) topological space, and let be the space of loops (closed paths) in 
X, with base point x (cf. [5] for this concept). We recall some definitions 
and facts. 


(a) Ifa and are elements of the homotopy groups mq (X), 
we denote, as customary, by [«, 8] their Whitehead product (cf. e.g. [8]); 
it is an element of ). 


(b) The space © possesses a natural multiplication (composition of 
loops, as used in the definition of fundamental group), and this gives rise 
to the Pontryagin product for the (singular) homology group of Q; if a,b 
are elements of H,(Q), H;(Q), then the product a*b belongs to H,y,s(Q) 
(cf. [2] for definitions and algebraic properties). 


(c) There is a natural isomorphism 7 between 2,(X) and ap4(Q) 
(actually there are several such, cf. § 3); we let h denote the standard map, 
introduced by Hurewicz, of the homotopy groups of a space into the homology 
groups, and define +: 7,(X) > H,,(Q) by r=hoT. (T and 7 are related 
to transgression, cf. [7], p. 452.) We can now state the result of the present 
note, with JT meaning $0 p=, cf. §§ 2, 3. 


THEOREM. If BE p, g=— 1, then 
r[a, B] = (—1)?(ra — (—1) 72). 


The sign (— 1)? depends of course on the choice of the map T. We remark 
that special cases of the formula have been known to Hurewicz, Serre, G. W. 
Whitehead, and also acknowledge conversations with J. C. Moore and J. 
Dugundji, in which the problem was raised. 

We give two proofs; the first proof gives the formula as consequence of 
some general facts, but leaves the sign open; the second proof is very 
elementary and direct. In § 2 we derive a homomorphism for pairs of fiber 


* Received April 29, 1953. 
* The work on this paper was performed under OOR contract no. DA-36-034-ORD- 
975RD. 
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spaces, which seems of some interest, although the special case needed later 
can be given a much simpler treatment. 


2. A fiber space relation. Let p:¥—B be a fiber map in the sense 
of Serre [7], with 0-connected total space H, base B and fibers F, = p*(z2). 
Suppose a subset H’ of EF is a fiber space over p(H’) —B’ relative to 
p’ =p (p restricted to £’), with E’, B’ and the fibers F’, = p’-*(x) again 
0-connected. Let x be a point of B’, and put F = F,,, F’ = F’,,. Clearly 
F’=E’ OF. It is well known that the map p induces an isomorphism 
between the homotopy groups 7;(Z,F) and m(B,%) =an(B) ( and simi- 
larly for p’) ; the proof given in [6], p. 90, applies in the present case. The 
symbols ete. denote sets without group structure (cf. [1], 
p. 167); p is still 1:1, onto in dimension 1. 

We denote by T (“ transgression ”) the composition 6 0 p™ of the isomor- 
phism F) and the boundary map F) > m_.(F); 
we have the analogous 7 for EZ’. We now construct a similar map for the 
relative groups. The spaces (H, H’,F’) form a triad (in the sense of [1]). 
We consider the following diagram (it applies to an arbitrary triad) : 


an (LH, PF’) 


Vv 
—> F’) — (EL, F) — F) —o mi (L’, F’) — 


F”) 


—> t™_1(F”’) — (F) — ™_-1(F, F’) — > 7, — 


DIAGRAM 1. 


All maps are the standard maps; commutativity clearly holds everywhere 
except that for n > 2 the two maps from z,(H;H’,F) to F’) are 
negatives of each other (cf. Lemma 3.5.5 of [1], p. 177 for the proof). 
On the other hand, the map p maps the triad (H; H’,F) into the triad 
(B; B’,z,) and therefore it maps the middle row of Diagram 1 into the 
homotopy sequence of (B, B’) (i.e. the commutativity relations hold) ; in 
view of the isomorphisms noted above and the “ five lemma” ([2], p. 16) 
this is actually an isomorphism of the two sequences (2(E; EL’, F) has to be 
treated separately). We compose the inverse p™ of this isomorphism with 
the maps 6 from the middle row to the bottom row of Diagram 1, and put 
T—=6é0p" (“transgression”). The map 7 can be made into a homo- 


6 
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morphism of the respective sequences, i. e. commutativity can be introduced, 
by changing the sign in every other dimension. 

Proposition 1. There exists a homomorphism T, of the homotopy 
sequence of (B, B’) into that of (F,F’) of degree —1, t.e. which lowers 
dimension by one; the maps of a,(B’) into m+(F’), resp. of m(B) into 
are given by (—1)"80 resp. (—1)"80p%. (We recall that 
m,(F,F’) has no group structure; m(F’) and a)(F) reduce to the neutral 


element. ) 


CoroLuary. If EF’ and E are contractible, then the homotopy sequences 
of (B, B’) and (F, F’) are isomorphic with a shift of 1 in dimension (for 
dimension 1 this reduces to the fact that 7,(B’), m(B), m(F’), mo(F) are 
all trivial). 


Proof of the Corollary. The maps 6 are now isomorphisms, as seen from 
Diagram 1. 


Proposition 1 applies, appropriately interpreted, to the slightly more 
general case of a fiber map f of a fiber space (H’, B’, p’) into another (F, B, p) 
(i.e. a pair of maps f,: H’ > f,: B’ B, such that f,° p’ = pof,). The 
relative groups z,(B, B’), m(F, Ff’) have to be understood as the relative 
groups of the corresponding maps, i.e. the relative groups of the mapping 
cylinder modulo the mapped space ; similarly for the triad groups 7(L; HE’, F). 
The proof is essentially the same as before, modified by the introduction of 
the appropriate mapping cylinders. 


3. A special case. Let (X,Y) be a pair, with both spaces 1-connected ; 
take a point z in Y. Let LH” be the space of paths in Y, which end at 2, 
(cf. [1], [%]); it is a fiber space over Y, with projection p’ (p’ maps each 
path on its initial point), and fiber Qy (space of loops in Y, based at 2) ; 
let EH, p, Qy be the corresponding objects for X. Then EL” is contained 
naturally in #, and p’ is the restriction of p to HL’, so that we are in the 
situation of § 2, with Qy, Qy playing the roles of F’, F. Since EF and E’ are 
contractible ({7], p. 471), we can apply the corollary of § 2, and obtain an 
isomorphism 7’, of degree —1, of the homotopy sequence of (X,Y) onto 
that of (Qy, Qy). 

Actually this can be established in a much simpler way: Let i and n be 
integers with 1< isin. If f is a map from the n-cube J” (product of n 
copies of the interval J = [0,1]) to X, with the boundary /” going into 2, 
we define 7;f as the map from J"* to Qy given by 


THE WHITEHEAD AND THE PONTRYAGIN PRODUCT. 747 


(the definition makes sense, if only the faces x; = 0 and z;—1 of I” go into 
to). Clearly the operator 7; induces an isomorphism, also called 7, between 
an(X) Zo) and mp 1(Qx) (with base point where is the 
degenerate path =z) for 0=t=1)); one could even allow 
replacing addition in a4.(Qx) by the multiplication in Qy mentioned in § 1, 
(b). For 7% < m the operator 7; defines an isomorphism of the relative groups 
mn(X, Y) and t»1(Qx, Qy) (this is, for 1 = n — 1, a special case of a remark 
in [4], p. 493), and commutes with the boundary operator; in particular T, 
maps the homotopy sequence of (X, Y) isomorphically onto that of (Qx, Qy), 
with degree —1. (For the group 72(X, Y) one has to replace 7, by — 7; 
it is then mapped 1:1 onto 7,(Qx,Qy).) One verifies that for 1 Si,j Sn 
the relations 7; = (— 1)*T7; hold; this follows from the fact that the inter- 
change of two axes is an orientation reversing homeomorphism of J". The 
operation 7',, applied to z,(X), coincides with the map 8° p™ considered in 
§2: If f is a map of (J", 1”) into (X, 2), we define a map f’ of J” into L 
by %n)(t) =f(41,° +, Clearly pof’ =f, 
and if the point -,@n) belongs to — then f’(21,° -,%n) =o; 
so that f’ defines an element of 7,(H,Q2x), projecting into the element of 
m(X) defined by f. Applying 4, i.e. putting 7, = 0, we obtain a map f” of 
(I*-1, f*-*) into (Qx, éo), given by (¢) = aa, t), 
which is exactly 


4, An application. We apply § 3 to the case where Y is the cartesian 
product of two (oriented) spheres §?*1, S8%* of dimensions p+1,q-+ 1 
(p,¢=1), and where Y is the “union” vy S@1, i.e. S?** 2 U Yo 
X 8, with ye St, ze 8%. We recall some known facts [8]. The 
Kiinneth formula (for a proof cf. [2]), applied to the well-known homology 
groups of spheres, shows that the first non-vanishing relative homology group 
of X mod Y occurs in dimension p +- q + 2, and that this group is infinite 
cyclic; by the relative Hurewicz theorem [5] the same situation holds in 
homotopy. Further, m,(¥Y) maps onto z,(X) in all dimensions, so that, by 
exactness, § Maps tp.qi2(X, Y) isomorphically into zp,q.1(Y) ; i.e. the kernel 
of the map mpiqii(X) is infinite cyclic; if resp. Bo are the 
elements of zp,,(S?**), resp. 2q.1(S%*), defined by the identity maps, and 
x, 8, are their images, under inclusion, in Y, the Whitehead product [;, B:] 
is a generator of this kernel (this is implicit in the definition of [ , ], as 
formulated in [8], p. 201). We now apply 7,(—T-.) ; it follows that the 
first non-vanishing relative homotopy and homology group of (Qx,Qy) occur 
in dimension p+ 4+ 1, and that they are isomorphic and infinite cyclic. 
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(For p or g=1 one has to use here the fact, that Qx, as H-space, is simple, 
[7], p. 479.) We have the diagram 


(Ox, DY) —> Tpiqg(Qy) —> 
h 


DIAGRAM 2. 


The image of § in the upper line is the infinite cyclic group generated by 
T[«,, 81]. We now determine the image of § in the lower line, i.e. the 


kernel of 1. 


5. The Pontryagin ring. We recall the concept of Pontryagin ring, 
defined for the space 2 of loops in any topological space: the natural com- 
position or multiplication of loops (denoted by -) can be considered as a 
map y from 2 X © to Q, and induces a multiplication (the Pontryagin 
product) in the homology group of © (cf. [2] for details). The Pontryagin 
product a*b of two homology classes of Q is the image y(a@b) of the 
element a@ b of H(Q XQ). 

The Pontryagin rings of the loop spaces 0,, Q, of S?**, S41, are poly- 
nomial rings in the variables ra, 78) (of dimensions p, q) (cf. [2], IJ. 1.3 
or [9], p. 215). The space Qy of our present X is clearly the cartesian 
product of Q, and this implies that H(Qxy) = H(Q,) ® H(Q.), since 
H(Q,) and H(Q.) are free groups. Moreover, Qy is the direct product of 
Q, and Q, with respect to the multiplication y. It follows easily that the 
Pontryagin ring of Qy is the (skew) tensor product of those of 9, and 0, 
i.e. that multiplication satisfies the rule 


(a@b) * (c@d) = (—1)"*(a*c) @ (bd), 


with r—dimb, s=dimec. (One shows, that for the map A: Q, XQ. 
— 2, given by A(z, y) = (y, 7), one has A(c@ b) = (— 1)" We; 
the desired property of * follows then from the commutative diagram 


tT 
: YX y¥ 

(Q, x ) x (Q, xX 2.) 2, X 22.) 


DIAGRAM 3. 


We can identify ra), 78> with the elements eo, in H,,(Qx) 
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—H,(2,) ® H,(Q2), so that H, (Ox) is the ring (with unit e.) generated 
by 7%, 7Bo, Subject to the relation 


* TBo = (— 1) Bo * (—= @ 


On the other hand, it has been shown in [2], III. 1. B., that the Pontryagin 
ring H,,(Qy) of the present Y is the free associative algebra (with unit é) 
generated by the two elements 7a,, 781, the (spherical) homology elements 
determined by 7'a,, T7B;. The inclusion 1: Qy C Q x induces a homomorphism 
of the Pontryagin rings, since it is homomorphic with respect to y, and 
clearly the elements ra,, 78, are mapped into 7%, 7B. It is algebraically 
obvious that in dimension p+ q the kernel of 7 is the infinite cyclic group 
generated by ra, * 78, (—1)?%rB8, * 7a,. Our main result, for the space 
under consideration, now follows immediately from Diagram 2: Since the 
groups on the left are isomorphic, h must map the generator T[,, B,| of the 
infinite cyclic group Smpiqsi(Qx, QY) onto + the generator 


7a, * TB; — (—1)rB, * rH, 


of the infinite cyclic group 8H p,.9+1(Qx, Ay). 


6. The general case. Let now X stand for an arbitrary 1-connected 
space, and let a, 8 be elements of mp.1(X),7q:1(X). We represent a and B 
by maps of S?** and S%** into X, and construct the obvious map f of 
\y 8%? into X. Then the elements 8, of § 4 map into a, under f. 
There is an induced map f’ of the loop space of S?** \y S84 into that of X; 
f and f’ are homomorphie with respect to [ , ] and *; f’ commutes with h; 
and we have f/o7—Tof. The result for XY now follows by applying f’ to 
the result for S?*? \V 8%**, which holds by § 5. 


7. Second proof. Our second proof is based on an interpretation of 
the Whitehead product, which goes back to Hurewicz and G. W. Whitehead ; 
we present a derivation of this interpretation. X is again a 1-connected space, 
Z) a point in it. We recall that in Qy an inversion o, (xa) is defined 
(by replacing the parameter ¢ of any loop by 1—f#); clearly o? —1; the 
map i.e. yO1l where A is the diagonal map of into 
Qx X Oy, is null-homotopie ([9], p. 210). 

Let f and g be maps of and (1%, into (X,2), 
representing elements « and £ of the respective homotopy groups. Then 
[«, 8] is given by the map k of 


defined by k(x, y) =f(x), if ye —g/(y), if the base point on 
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S is w—(0,---,0). We write XI, XI, and 
=1?»xIXI*XI1. Let K be the subset of S, given by 
by collapsing the two factors J in the first two sets in this union one can 
contract K over itself into J? X 0 * I% & 0, and then into o, with o stationary. 
We now construct a map ¢ of H = J?! — I? x [4 I into 8 as follows: 
for any ze J, ye I4 the interval x X y XI is divided into 6 parts by the 
t-values 0,4, 3, 4, 3, ?, 1 and mapped in the obvious piecewise linear fashion 
on the closed polygon in S with successive vertices 
w, 0, y, 0), y, 0), (2,1, y, 1), 9, y, 1) 0, 0), o. 

If either cel? or ye I? or t=0 or t—1, then ¢(2,y,t) eK; so that 
o(E) CK. For rele ye it, < t < 8 one verifies that (2, y, t) 
is the only point of H mapped onto (2, 8t — 2, y, 0) by ¢, that ¢ is locally 1:1 
in the neighborhood of (z, y,¢) and that the local degree, using the natural 
orientations of F and S, is (—1)?. It follows that the generator « of 
Tpiqui( EH, HZ), represented by the identity map of HL, is mapped by ¢ into 
(— 1)», where 7 is the generator of zp.q::(S, K) represented by the identity 
map of 8. 

Put = & [4 so that XI. Let 5,, be the customary maps 
of I’, I2 onto S?, 8% by collapsing the boundary to a point; let ss, X 8 
the induced map of (F, F) onto (S? S82, 8%). Let T= T4941, a8 
defined in § 3, so that T(ko¢) (a, y)(t) =kod(a,y,t). One verifies that 
T(kod¢) can be factored in the form cos (if rel, then T(ko ¢) (2, y) 
depends on y only, if ye 14%, then T(k 0) (x, y) depends on z only) ; here ¢ is 
defined as follows: the maps T¢.:9 can be factored into f’ g’ 8, 
with 7’, g’ mapping S?, 8% into Ox; then c(z, y) is 

(e- 9'(y)) CP 9'(y)*)e)- 
Clearly ¢ is homotopic to the map d, defined by 
d(x,y) = (f(x) (y)) (y)*)- 

We now contract K over itself to », as indicated above, and extend this 
to a deformation of S, with — identity. . One verifies that for each 
the map T'(koy,°¢) can be factored in the form ¢;°8; the c; consequently 
form a homotopy of cco. Clearly y,°¢ maps e into (—1)?n, just as ¢ 
did. But ¥,°¢(#) =o, so that maps with degree (—1)? 
into (S,) ; it follows that koy,°¢ represents (—1)?[a, 8]. By definition 
then the map T(koy,°¢) maps the natural generator of Hp,,(F,F) into 
(—1)?r[a, 8] (we identify here H,,,(Qx) and Hy,q(Qx,¢)). Since this 


or 
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map factors into ¢c,°s, it follows that c,, and therefore also c and d, map 
the natural generator of H»p,q(S? X S%) into (—1)?r[a@,B]; we have used 
the fact that s maps H,(F,F) isomorphically onto H,(S? X S%, S? v 8%) 
(cf. [3], p. 266), that the map from Hp,4(S? X S%) to the relative group in 
the homology sequence of (S? X S%, S* \y S%) is an isomorphism onto, and 
that c, maps S? \y S% into the point eo. Our problem is now reduced to the 


discussion of the homology type of d. 


8. The homology type of d. Let 4,, 8 be the diagonal maps of S? 
into S? X S®, resp. S4 into SY & S84; let A be the permutation map of S? x S4 
onto S4 & S®; o and y are still inversion and multiplication in Qy. Then d 
can be written as the composition of the following maps: 6; X 62, 1 X A X 1, 
(x9 Xf yXy, Let a,b denote the natural 
generators of H,(S”), H_(S*), so that by definition f’(a) = ra, f’(b) = 7B; 
we have to determine d(a@ b). We use e as a generic symbol for the homology 
class of a point. It is well known that 


so that 


5, X 6:(a@ dD) 
+ We +eSBaWe@b. 


Applying a remark of § 5, we have A(a © b) = (— 1)™%b Wa, A(a Be) —e Wa, 
\(e®b)—b@e. As for o, we note that, in consequence of a remark at the 
beginning of § 7, the map yol X oof’ = X is homo- 
topic to 0. Using the equation 8,(a) =~a®e-+e®@a and the fact that e is 
unit element in the Pontryagin ring of Ox, one finds f’(a) +oc0°f'(a) =0. 
If one now applies the factors of the map d in succession to a® b and makes 
use of the relations just stated, one obtains the result 


d(a® b) = (—1)?4rB * ra. 


As remarked at the end of §7, we have d(a®b) = (—1)?r[a, 8], and our 
main result is established. 


9. Remarks. 


1. The relation [e, B] = (—1)®”@[@,a] is known to hold [8]; 
an easy computation shows that the right side of our main relation, with the 
sign as determined, satisfies the same relation. 
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2. If X is an n-sphere, and a—=£8—v, are the elements of z,(S") 
determined by the identity map, we have 
— * Ting even 
9] = 0 , n odd. 


This expresses the fact that the Hopf invariant of [t, i] is & 2 or 0, 


depending on the parity of n. 
3. If yeaui(X), with a and B as before, then one verifies that the 
z-image of 
[2, B, vy] = (—1)@"[a, [B, 
+ (—1)@»[8, [y, + [a 
vanishes. It seems a reasonable conjecture that the homotopy element 


[a, 8,y] itself vanishes; the validity of this Jacobi identity remains an open 
question. 

4. The computation of § 8 is valid in any space, which possesses a con- 
tinuous multiplication with a homotopy-unit and an inversion (such as y, éo, 6 
for Ox). 


THE INSTITUTE FOR ‘ADVANCED STUDY. 


BIBLIOGRAPHY. 


[1] A. L. Blakers and W. S. Massey, “ The homotopy groups of a triad I,” Annals of 
Mathematics, vol. 53 (1951), pp. 161-205. 


[2] R. Bott and H. Samelson, “On the Pontryagin product in spaces of paths,” to 
appear in Comm. Math. Helv. 

[3] S. Eilenberg and N. E. Steenrod, Roundations of algebraic topology, Princeton, 1952. 

[4] R. H. Fox, “ Homotopy and torus homotopy groups,” Annals of Mathematics, vol. 49 
(1948), pp. 471-510. 

[5] S. T. Hu, “An exposition of the relative homotopy theory,” Duke Mathematical 
Journal, vol. 14 (1947), pp. 991-1033. 

[6] N. E. Steenrod, The topology of fiber bundles, Princeton, 1951. 

[7] J. P. Serre, “ Homologie singuliére des espaces fibrés, applications,’ Annals of 
Mathematics, vol. 54 (1951), pp. 425-505. 

[8] G. W. Whitehead, “A generalization of the Hopf invariant,” Annals of Mathematics, 

vol. 51 (1950), pp. 192-237. 
, “On the Freudenthal theorems,” Annals of Mathematics, vol. 57 (1953), 
pp. 209-228. 


752 


GALOIS THEORY OF DIFFERENTIAL FIELDS.* 
By E. R. 
0, 
TABLE OF CONTENTS. 
the Introduction. 
1. Differential fields and meaning of normality. 
2. Summary. 
3. Problems. 
4. Notation. 
nt CuHaptErR I. Differential-algebraic preliminaries. 
is: 1. A lemma on polynomial ideals. 
2. Prime differential ideals and differential field extension. 
n- 3. Specializations over differential fields. 
0 4. Constants. 
5. Universal extensions. 
CuapTer I]. Algebraic groups. 
1. Specializations of isomorphisms. 
2. Isolated isomorphisms. 
3. Strong isomorphisms. 
4. Specializations of strong isomorphisms. 
5. Algebraic sets. 
6. Algebraic groups. 
CuHaptTer III. Galois theory of strongly normal extensions. 
to 
1. Normal extensions. 
52. 2. Strongly normal extensions. 
49 3. The fundamental theorems. 
4. Primitive elements. 
* Received April 21, 1953. This paper was an address delivered before the New York 
meeting of the American Mathematical Society on April 26, 1952, by the invitation of 
of the Committee to Select Hour Speakers for Eastern Sectional Meetings; it was originally 
submitted to the Bulletin of the American Mathematical Society on October 29, 1952, 
08, but it could not be published among the invited addresses in the Bulletin because of 
its length. 
>, 1 Part of the research on which this paper is based was done in connection with a 
contract with the Office of Naval Research. 
753 


| 


E. R. KOLCHIN. 


Exponential elements. 
Weierstrassian elements. 


Picard-Vessiot extensions. 


CO 


Extensions of transcendence degree 1; formulation of the theorem. 
9. The proof begun: reduction to the case of algebraically closed 
ground-field. 
10. The proof continued: case of genus 0. 
11. The proof concluded: case of genus 1. 


{EFERENCES. 


Introduction. 


1. Differential fields and meaning of normality. The study of alge- 
braic equations has led to the concept of field, and thence to the beginnings 
of algebraic geometry and to Galois theory. In much the same way, the study 
of algebraic differential equations has, in modern times, led to the concept of 
differential field, and thence, in the work of the late J. F. Ritt, to the extensive 
theory of differential algebra, which in its elementary parts bears considerable 
analogy to the elementary parts of algebraic geometry (see Ritt [8]). A 
differential field is a commutative field, in the usual sense, together with a 
finite family of operators 8,,- - -,8,, each of which maps the field into itself 
as a derivation and which commute in pairs; a differential field is said to be 
ordinary or partial according as the number m equals or exceeds 1.2 In the 
present paper the expression “ differential field” always stands for “ differ- 
ential field of characteristic 0.” The purpose of the present paper is to 
develop a Galois theory for such differential fields. 

A main problem in initiating such a theory is to find a suitable definition 
of normal extension of a differential field. Now, two special cases of a Galois 
theory already exist, and it is natural to look to these examples for hints, and 
to require that any general theory developed generalize these two cases. One 
of these cases is the Galois theory of differential field extensions of finite 
degree, which is the classical Galois theory, since a relative field isomorphism 
of such an extension is automatically a differential field isomorphism. The 
other case is the Picard-Vessiot theory (see Kolchin [3] and [6]; a certain 


* By permitting m to be 0 it is possible to subsume the concept of field under that 
of differential field; we shall not pursue this possibility further here, and when we refer 
to a differential field it will always be understood that m => 1. 
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familiarity of the reader with the contents of these two papers will be assumed). 

In the classical Galois theory an algebraic field extension of charac- 
teristic 0 is normal if the field of invariants of the group of all automorphisms 
of the extension over the ground-field is the ground-field itself. If an extension 
has this property it follows that it has the same property when considered as 
an extension of any intermediate field; indeed, the fundamental theorem of 
Galois theory could not hold were this not the case. When we turn to differ- 
ential fields, however, the state of affairs is different. If ¥ is a differential 
field and & is an extension of ¥ such that every invariant of the group of 
all automorphisms of 9 over ¥ belongs to ¥, and if F, is a differential field 
between # and Y, it does not follow, even if Y is finitely generated and 
differentially algebraic over #, that every invariant of the group of all auto- 
morphisms of 9 over ¥, belongs to ¥, (see the example in footnote 7). 
Accordingly, we define & to be weakly normal over § if the invariants of 
the group of all automorphisms of 9 over F all belong to #, and § to be 
normal over # if Y is weakly normal over every differential field between 
g and §. The latter is the same definition as given in Kolchin [3], § 16; 
in that paper it was shown, and indeed it is obvious, that when % is normal 
over # in this sense then there is a one-to-one Galois correspondence between 
the set of all differential fields intermediate to # and Y and a certain set of 
subgroups of the group & of all automorphisms of 8 over ¥. If the sub- 
group corresponding to an intermediate differential field is normal then the 
intermediate differential field is a normal extension of # (but not conversely !). 
Aside from the fact that in this definition of normality we demand what is 
essentially the conclusion of the theorem we wish to prove, there remain two 
blemishes, one of which we can remove, the other of which we can not. The 
first blemish is that, when the subgroup G(¥#,) of G corresponding to F, is 
normal, so that #, is a normal extension of #, the factor group G/G(F;) 
need not be isomorphic with the group of all automorphisms of ¥, over #. 
This situation is remedied by defining a set of isomorphisms of 9 over F 
to be abundant if, for every intermediate differential field #, and every 
element « of & not in ¥,, there exists an isomorphism o in the set which 
leaves every element of ¥, invariant but which does not leave « invariant; 
clearly 8 is normal if and only if the group of all automorphisms of 9 over 
g% is abundant. Furthermore, if 9 is normal over ¥, and & is any abundant 
group of automorphisms of 9 over ¥ (not necessarily the full automorphism 
group), the above mentioned results continue to hold and, when G(#;,) is a 
normal subgroup of &, so that ¥, is a normal extension of ¥, then G/G(F:) 
is isomorphic to an abundant group of automorphisms of ¥, over ¥. The 
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second and more serious blemish is that we have no characterization of those 


“ certain ” subgroups which correspond to the intermediate differential fields. 
To avoid this defect we seek a more stringent definition. 

In the classical Galois theory a normal extension is characterized also 
by the property that every relative isomorphism of the extension into any 
overfield of the extension is actually an automorphism. It would be unreason- 
able to demand the analogous property for differential fields, as this would 
exclude even the Picard-Vessiot extensions; indeed it can be shown that the 
extension would then be a normal algebraic extension in the classical sense. 
However, a hint of how to proceed is contained in the Picard-Vessiot theory. 
Let & be a Picard-Vessiot extension of #, presupposing thereby that ¥ and § 
are subject to the restrictions that ¥ and 9 have the same field of constants 6, 
that @ is algebraically closed, and that % is finitely generated and of finite 
transcendence degree over #; it is easy to verify that F¥ and Y have the 
property that if ¢ is any isomorphism of § over ¥ into an extension of § 
and if @o denotes the field of constants of the compositum §<o%)> then 


(1) = $< = (0$)< Bod. 


This is the property which we use, in the general case subject to the above 
restrictions, for our definition, which may be formulated in the following 
manner. We define an isomorphism o of § into an extension of 9 to be 
strong if (1) holds; obviously every automorphism is a strong isomorphism. 
We then say, when ¥ and § are subject to the above restrictions, that 9 
is strongly normal over ¥ if every isomorphism of 9 over ¥ is strong.’ 
As indicated in the following summary, it is this type of normality which 
appears to be the fruitful one. 


2. Summary. Chapter I contains various results from elementary 
differential algebra which are used in the succeeding chapters. Several of 
these extend to partial differential fields results which are already known in 
the ordinary case. One theorem proved asserts the existence, for any differ- 
ential field, of a suitably defined universal extension; roughly speaking, a 
given extension is universal if it is so big that all elements of all extensions 
we ever have occasion to introduce may be taken in the given extension. The 
use of a universal extension, which follows the now well-known procedure of 


* By pursuing further the possibility mentioned in footnote * and suitably formu- 
lating the definition of constant, we could make the classical concept of normal algebraic 
extension of finite degree of a field of characteristic 0 a special case of concept of 
strongly normal extension of a differential field. 
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modern algebraic geometry (see Weil [9]), makes it possible to avoid certain 
logical difficulties connected with phrases like “the set of all extensions ” 
(of a given differential field). 

Chapter IT contains a detailed study of strong isomorphisms of an exten- 
sion & of a differential field ¥, subject to the restrictions above. It is 
shown that it is possible, in a natural way, to introduce a multiplication in 
the set G* of all strong isomorphisms of 9 over ¥, with respect.to which 
®* becomes a group; the group & of all automorphisms of 9 over # is then 
a subgroup of G*. The concept of specialization is defined for an isomor- 
phims of 8 into an extension of 8 (or more generally, for a family of such 
isomorphisms): o’ is called a specialization of o if the family of elements 
(o’%) aeg is a specialization over § of the family (s%)aeg. If o is a strong 
isomorphism of § over ¥ so is every specialization of o. Most of the 
important facts concerning specializations of strong isomorphisms follow 
from Proposition 9 of Chapter IJ, which asserts that if o,,- - -,op are strong 
isomorphisms of over ¥ and if then, 
roughly speaking, a specialization of (yix)s<i<p,i<e<q, OVeT @ can, under 
certain general conditions, be extended to a specialization of (01,° °°, op) 
in such a way that various inequalities are preserved. An algebraico-geometric 
structure is introduced into @* in the following way. A subset M* of G* 
is called an irreducible set in G* if M* contains an element o* such that M* 
is the set of all specializations of o*; o* is then called a generic element of 
M*, and the transcendence degree of ¥<o*%> over Y, which is the same as 
the transcendence degree of 60+ over @ and does not depend on the choice 
of generic element o*, is called the dimension of M*. A subset Mt* of G* 
is called an algebraic set in &* if M* is the union of a finite set of irreducible 
sets in &*; the definition and elementary properties of the components of an 
algebraic set quickly follow. This algebraico-geometric structure in * 
induces a similar structure in @. Some propositions are proved about alge- 
braic sets in @ which are analogous to some elementary results in algebraic 
geometry. Finally, by combining the group structure and algebraico-geo- 
metric structure of @ we arrive at the concept of algebraic group im ©. 
Several simple results about such algebraic groups are proved which are like 
certain known results on algebraic matric groups (Kolchin [3]) and, more 
generally, group varities in the sense of Weil [10]. 

In Chapter III, after a brief discussion of normal extensions of differ- 
ential fields, the results of Chapter II are applied to develop a Galois theory 
of strongly normal extensions. It is shown that strong normality implies 


normality, but not conversely. Let 9 be a strongly normal extension of #. 
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The group & of all automorphisms of 9 over # is itself algebraic, and there 
is a one-to-one Galois correspondence between the set of all intermediate 
differential fields and a certain set of subgroups of ©; this certain set is 
characterized as the set of all algebraic groups in @. The transcendence 
degree of 9 over any intermediate differential field ¥, is proved to be equal 
to the dimension of the corresponding group @(#.1); the component of & 
containing the identity (which component is unique and is a normal algebraic 
subgroup of © of finite index) corresponds to the relative algebraic closure 
of ¥ in &. It is shown that if ¥, is an intermediate differential field then 
the following conditions are equivalent: 1) ¥, is strongly normal over #; 
2) F, is normal over F; 3) F, is weakly normal over F; 4) oF, CF, for 
every g€ ®; 5) G(F,) is a normal subgroup of ©. And when these con- 
ditions are satisfied, the factor group ©/G(#:1) is isomorphic with the group 
of all automorphisms of ¥, over #. 

The remainder of Chapter III is devoted to three special types of 
extension. An element a is defined to be primitive over a differential 
field if (1[is™m), to be exponential over ¥ if aA0 and 
a §aeF% (1SiSm), and to be weierstrassian over F if a is not a constant, 
and there exist two elements gs,g;¢ 4 With the polynomial 4y* — g.y — 9; 
having simple roots only and m elements a,:*-,a@me such that (8)? 
= aj? — (1 Sim). In all three cases, if the field of con- 
stants of F<a> is 6, F¥<a> is strongly normal over ¥. In the first two 
cases # <a> is a Picard-Vessiot extension of ¥, but in the third case it is not, 
unless it is algebraic; indeed, it can be shown that if « is weierstrassian 
over ¥ and if it is possible to find a family ¥o, ¥1,- - -,F, of differential 
fields such that F; is a Picard-Vessiot extension of (1 Sir), 
and ae ¢,, then a is algebraic over ¥. Reciprocally, it is shown that if a 
Picard-Vessiot extension can be obtained by a sequence of adjunctions of 
algebraic, primitive, exponential, and weierstrassian elements, then it can be 
obtained by adjunction of algebraic, primitive, and exponential elements 
alone. When a is transcendental over ¥ then, in all three cases, ¥ <a> is of 
transcendence degree 1 over ¥. Conversely, it is proved that every strongly 
normal (and indeed every weakly normal) extension of ¥ of transcendence 
degree 1 can be obtained from ¥ by combining with algebraic adjunctions an 
adjunction of one of these three types. The proof of this converse, which is 
long and in places involves complicated computations, makes use of the well- 
known theorem that the group of automorphisms of an algebraic function 
field of one variable over an algebraically closed field of characteristic 0 is 


finite if the genus exceeds 1. 
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3. Problems. Various problems remain for investigation; we mention 
three, which are related. 

First, there is the connection between algebraic groups of automorphisms 
as defined herein, and group varieties as defined by A. Weil. Is it always 
possible to identify the component of the identity of an algebraic group with 
a group variety? Conversely, is every group variety identifiable with an 
algebraic group? 

Second, there is the task of characterizing, if possible, by algebraic- 
group properties. those strongly normal extensions which are Picard-Vessiot 
extensions. 

Third, there is the significance of solvability, or even of commutativity, 
of the group of automorphisms of a strongly normal extension. For what 
sort of strongly normal extension is the group abelian? It is conceivable 
that investigation of this question will lead into the theory of abelian functions. 


4, Notation. The notation used is more or less the same as in Kolchin 
[3], and is reasonably standard. We mention only that the degree of trans- 
cendence and the degree of differential transcendence of & over F are denoted 


by S/F and V°G/F respectively. 


Chapter I. Differential-algebraic preliminaries. 


1. A lemma on polynomial ideals. Let K be a field of characteristic 
0,* and let y:,° - -, Y, be indeterminates. We shall prove the following lemma, 
which collects certain known facts in a form convenient for future use. 


Lemma. Let p bea prime ideal of K[y:,: - +, Yn] of dimension d. For 
every extension L of K the ideal L-p generated by p in L[y1,- Yn] ts 
equal to its own radical; the minimal prime ideal divisors p,,- - +, p, of L-p 
all have dimension d; every generic zero of every p; is a generic zero of ph, 
and every generic zero of » is a zero of precisely one p;. There exists, inde- 
pendent of L, an irreducible polynomial R with coefficients in K such that 
for every extension L of K the number of minimal prime ideal divisors of 
L-y equals the number of irreducible factors into which R splits over L. 


Proof. Let be the radical of so that B—p,N- --M p, where 
+, p, are the minimal prime ideal divisors of Z-p. Let (i1,° - -, nin) 
be a generic zero of 3 (mu,°°*;7im) is obviously a zero of p. If 


* This condition, which suffices for the present purposes, can be relaxed. 
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Fe K[y:,° vanishes at in) then Fe p,, so that if we let 
G be a polynomial in L[y:,- - -, yn] such that p;, G¢p, then FG eS, 


whence for some exponent ¢ > 0 we have F°G*eL-p. Therefore there exist 
elements A; ¢L linearly independent over K such that we may write F°G 
= where each ep, and = where each G,e K[y1,---, Yn]. 
From this we see that SA;,/°G; = so that F°G, =P, ep for every k; 
since not every G; belongs to p (for otherwise G would belong to );) and since 
p is prime we conclude that Fe p. This shows that (nii,° - -, yin) 18 a generic 
zero of p. 


Let (7,° °°, 2m) be any generic zero of p. For the sake of definiteness 
we suppose that ,-° - -, 7a are algebraically independent over K ; then there 
exists an element such that K(m,°* Let w be 
a new indeterminate and let R be a polynomial in K[y,- - -, ya, w] of as low 
degree as possible which vanishes at (m:,° °°, ya,), so that R is irreducible 
over K. Because (ni1,° yin) is also a generic zero of p, (mi1,° min) is 
a generic specialization® of (,°°-°*;%) over K, and therefore can be 
extended to a generic specialization in, Of (m1,° mn, Over 
K. Now (niu,° * +, ia, :) is a zero of R and therefore of some irreducible 
factor of R over L; moreover (7i:,° - -; nia, oi) iS a zero of only one of these 
irreducible factors, for otherwise mia, oi) and therefore (7, , na, 
would be a zero of 0@R/dw which is of lower degree than R. We denote the 
irreducible factor of R over L which vanishes at oi) by Ri. 

Let (7'i1,° - *,7/ia, 0%) be a generic zero of the prime ideal r; generated 
by R; in ++, yaw]. Then +, ia, a specialization of 
over K ; therefore there exist elements Such that 5 ins oi) 
is a generic specialization of 7/in, 0%) over K. Now 7/in) 
is a zero of p and therefore of p; for some 7; since (7i1,° - *; min) must be a 
zero of this ); and since p; p; if 7 it follows thati—j. As 
are obviously algebraically independent over LZ we have 


OL (nin nin) /L = dim Di, 
so that (7/i1,- - -, 7m) is a generic zero of p; and dim p; = d. It follows that 


*,7/m) is a generic specialization of nin) over DL, so that 


° The very elementary facts concerning specializations over a field used in this paper 
can be found in Weil [9], chapter II. 
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* > 2m; is a generic specialization of nin, oi) over L, and 
Mid) i) 18 @ generic zero of 1%. 

If Ri; then r; =r; and nia) oi) 18 generic specialization 
of * over L, so that in) 18 a generic specialization 
of over L, whence and t=—j. Thus 
are distinct irreducible factors of R over L. Let S be any irreducible 
factor of R over L, let 8 denote the prime ideal generated by S in 
Ya, w], and let €a,0) be a generic zero of 8; a, 4) 
is clearly a generic specialization of (m,° - -,7a,) over K and therefore can 
be extended to a generic specialization (f:,- of (m,° 
(°° °,n) is a zero of p and therefore of p; for some 1; therefore 
(4.° ° *,€a,9) is a zero of R;, so that R; is divisible by S. It follows that 
R,.: - -,R, are all the irreducible factors of R over LZ, so that the number 
of minimal prime ideal divisors of Z-) equals the number of irreducible 
factors of R over L. Also (m,° * *;7n), which obviously is a zero of some fi, 
is a zero of only one p;; for if (4,° * -, 9.) were a zero of p; and p; (17) 
then (m,° °°; would be a zero of and and therefore of 0R/dw, 
which is of lower degree than R. 

It remains to prove that $$ —JL-p, and to do this it suffices to show 
that CL-p. If Fe then we may write = where each F; belongs 
to K[yi,- - -;Yn] and (A;) is a family of elements of LZ linearly independent 
over K. Let +, An, Bn be polynomials in K[yi,- -, ya, w] such 
that 
= * Na o) /By(m, 


Then there exists a single exponent e = 0 such that for each j 


(Bass B,) °F; = Gj Aas, Bryn A;), 


where GjeK[yi,:--+,yaw]. It is easy to see that 3A,;G; vanishes at 
* ia) for each i and therefore is divisible by R. Because the A,’s 
are linearly independent over K it easily follows that each G; is divisible 
by R, so that each G; vanishes at each 
vanishes at each F; vanishes at each Fjep, 
and FeL- p. 


2. Prime differential ideals and differential field extension. Let F be 
a differential field and let y;,- - -, Yn denote indeterminates. If II is a prime 
differential ideal of the differential ring F{y:,- yn} and (m,-° °°, 
is a generic zero of IT then the degree of differential transcendence 
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V°F<m,° * *5>/F is called the dimension of II (notation: dim II) ; dim II 
does not depend on the particular generic zero used, and 0=dimIl= n, 
The degree of transcendence 0°F<,° °°, n>/F is called the order of I 
(notation: ord II); ord Il, which does not depend on the particular generic 
zero used, either is an integer > 0 (finite order) or is o (infinite order). 
The following result is well-known for the case in which ¥ is an ordinary 
differential field (see e.g. Ritt [8], pp. 50-51). 


Proposition 1. Let I be a prime differential ideal of Yn}. 
For every extension & of F the ideal & generated by TL in Yn} 
is a perfect differential ideal; the minimal prime differential ideal divisors 
II,,- - -, Il, of 9&-II all have the same dimension as II, and all have the 
same order as IL; every generic zero of every Il; is a generic zero uf IL, and 
every generic zero of IL is a zero of precisely one 11;. There exists, independent 
of &, an irreducible polynomial R with coefficients in F such that for every 
extension & of F the number of minimal prime differential ideal divisors of 
% - II equals the number of irreducible factors into which R splits over &. 


Proof. Let 0, denote F{y:,- yn}, Yn} respectively. 
For each integer k => 0 let ®,, @’, denote the set of all elements of ®, R’ 
respectively which do not have order >. We shall consider @;, and #’, as 
polynomial rings over F and Y respectively (each element of ®;, and of 0’, 
is a polynomial in the expressions - with O +---+in Sk, 
iS 


For every k=0, is a prime ideal of so that (§1) 
%- (11M ®R;) is an ideal of %’, which is equal to its own radical. Clearly 
% -I1 is a differential ideal of #’; if 9 - II were not perfect there would exist 
an F'e ®’ and an integer e > 0 with F¢ 8-11, F*e Y - Il, so that for large 
k we would have Fee &- (MN Rx), contradicting the 
fact that & - (ITM &,) is its own radical. Thus Y - II is a perfect differential 
ideal of R’. 

We now assert that § -(11N Indeed, it is obvious 
that 9 R’,. Suppose then that Fe(¥-M)N 
Then we may write 


(1) F => 


where the elements ¢;¢ 8 are linearly independent over # and each P; ¢ I. 
Fixing our attention on any derivative 8,4 ---8,,‘™y; of order 1, +--+: 
let C;, denote the coefficient in P; of any fixed positive power of this derivative; 
since F is not of order > k, (1) yields the relation © C.¢; = 0. so that each 
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0. It follows that no P; has order so that each P,e and 
Fe R,). This proves our assertion. 

Since the perfect differential ideal 9 - II is the intersection of its minimal 
prime differential ideal divisors II,,- - -, II, it is a consequence of the above 


assertion that 


Now I; if ij, so that if & is sufficiently great 
whenever i++ j. Taking & large enough for this to be the case, we see 
that are the minimal prime ideal divisors of 
§-(11N R;) in 

It is obvious that TI; is of dimension no higher than I. If I; had 
lower dimension than II then there would exist a subset 2,,- °°, 2% of 
415° ° *>Yn such that IT contains no nonzero differential polynomial in 
z1,° * *, 2 alone but II; does, that is (for & large) ITN @, contains no nonzero 
polynomial in the expressions - -38,‘™z, with 
1</]<¢, but 1,9 ®#’, does; this would imply that the prime polynomial 
ideal 11; #’, of ®’, has lower dimension than the prime polynomial ideal 
19 ®,; of ®,, contradicting the lemma of §1. Therefore each I]; is of the 
same dimension as II. 

Again, the order of I; obviously equals the limit (including the possi- 
bility oo) as k becomes infinite of the dimension of 1; #’,, which by the 
lemma equals the limit of the dimension of I1M &;, which equals the order 
of II. 

If *;7in) 18 a generic zero of II; then obviously 


(8; Cm Nii) 1<j<n 


is a generic zero of 1; #&’, and therefore (by the lemma) a generic zero 
of ITM since & can be arbitrarily large this means that nin) 
is a generic zero of II. 

If (m,° --;n) is a generic zero of II then (,°-°-,7) is a zero of 
at least one II;; if it were a zero of I; for two distinct values of 7 then for 
k large 1<j<n WOuld be a generic zero of IN Rx 
and a zero of 11; &’; for two distinct values of i, contradicting the lemma. 

It remains to prove the existence of a polynomial F as described in the 
statement of the proposition. To this end let &(%) be the smallest integer 
such that, for all k=>k(%), 1,0 R%,,---,0,-N R% are the minimal 
prime ideal divisors of &- (ITM R,), that is such that, for all k= k(G), 
R’, whenever i~j. We shall show below that is 
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an increasing function of %, that is, if &% is an extension of & then 
k($) =k(#). Assuming this result, let us see how we can complete the 
proof of the proposition. By the lemma for each k = 0 there exists, indepen- 
dent of %, an irreducible polynomial R, with coefficients in ¥ such that the 
number of minimal prime ideal divisors of §- (ITM #&x) in HR’; equals the 
number of irreducible factors of R; over 8. Now the number of irreducible 
factors of R; over 9 equals the number of irreducible factors of Ry over 
the relative algebraic closure #° of F in &. Therefore 


number of minimal prime differential ideal divisors of 9 - 1 = 

number of minimal prime ideal divisors of 9 -(IIM #&;,) (all k = k(G)) = 
number of irreducible factors of R; over Y (all k = k(9)) = 

number of irreducible factors of R; over ¥° (all k = k(G)) = 

number of irreducible factors of R, over F° (all k = k(F°)) = 

number of irreducible factors of R;, over & (all k = k(F°)). 


Thus if we let ¥’ be an algebraic closure* of ¥ and set R — R,, where 
1=k(#’), then 1=k(F°) and R does not depend on Y, and the number 
of minimal prime differential ideal divisors of 9 -II equals the number of 
irreducible factors of R over §. 

We now show that &(%) is an increasing function of ¥. Let & be an 
extension of 9, let R” = M{y,,-- -, yn}, and let #”; denote the ring of 
all elements of #” which do not have order >k. &-II is a perfect differ- 
ential ideal of 00” and Now 
if II’ is any ideal of RP’ and if for some P’ e 9 - I’ we write P’ => oP", 
where each P’,e @’ and the elements ¢; of 9 are linearly independent over 
&%, then it is easy to see that each P’;e TI’. It follows that 


so that = (#-1,). Now if 4, 47%, then a minimal 
prime differential ideal divisor A, of 9 - II;, can not be contained in a minimal 
prime differential ideal divisor A, of & -II;,, because otherwise for every k 
we would have AAN DM-(,N and R”, 


°If A is any field of characteristic 0 and K’ is an algebraic closure of K then every 
derivation of K has a unique extension which is a derivation of K’ (see, for example, 
Bourbaki [1], chapter V, § 9, proposition 5, p. 139) ; moreover, it is easy to verify that 
if two derivations of K commute then there extended derivations of K’ commute. It 
follows that every differential field §$ has an algebraically closed algebraic differential 
field extension; we call any such extension an algebraic closure of the differential field F. 
Any two algebraic closures of ¥ are isomorphic over F. 


5 
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would have lower dimension than I;,M #’;, in contradiction to the lemma 
of §1 (since for & large A.M fe”. is a minimal prime ideal divisor of 
(Ti, Therefore if we denote the minimal prime differential 
ideal divisors of by + -, Misa) then the minimal 
prime differential ideal divisors of #-II are the ideals (1 Sir, 
1Sjss(i)). If k<k(G) then there exist i, with i? such that 
R’, Cy R’,; for these i, i’ we have 


Clin 


so that for some j we have R”, whence kk k(M). It 
follows that k(9) =k(&). As we have seen, this completes the proof of 
Proposition 1. 


3. Specializations over differental fields. For purposes of convenience 
we extend the language of specializations, as used in algebraic geometry, to 
differential fields. Let # be a differential field and let (n;)jey be an indexed 
family of elements of some extension of #. A family (£;)jez, with the same 
set of indices J, of elements of some extension of ¥ will be called a speciali- 
zation of (nj)jer over F if, for every finite subset j1,---,jn of J, every 
differential polynomial in #{y,,- which vanishes at 7;,) 
also vanishes at (€;,° If (&)jey is a specialization of (7;)jcy over 
F such that (y;)je7 is a specialization of (f;);ey over F then we say 
that (£;)je7 is a generic specialization of (n;)je7 over ¥. If I is a subset 
of J and (£;);-7 is a specialization of (7j)jey over F then (&;)éer is a speciali- 
zation of ()ier over F; we say in this case that the specialization (;);-., 
of (n;)jey Over F is an extension of the specialization (£:)icr of (m)icr over 
#. If (£;)je7 is a generic specialization of (n;)je7 over F then there exists 
a unique isomorphism of ¥< onto over F which maps 
nj onto €; for every jeJ. If (&)jey is a generic specialization of (nj) jes 
over F and if (7’j)jeyx is any family of elements of some extension of 
F <(j)je>, then the specialization can be extended to a generic specialization 


OF ( (nj) rea”) 


over ¥. The following proposition is well-known in the case of ordinary 
differential fields (Ritt [8], p. 49). 


Proposition 2. If ts a specialization of over F then 
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OF < jea>/F SOF (05) 5 
if in addition 0°F<(n;)jer>/F is finite and equal to OF<(L;)jes>/F then 


the specialization is generic. 


Proof. The first part of the proposition is obvious. We prove the second 
part. Since and F< are finite and equal there 


exist a finite subset K of J such that 
OF < (£5) jer>/F =OF (£5) jea>/F = OF (0) = OF (5) jer>/F 


for every finite subset J’ of J which contains K. It is clear that ({;) jes 
is a generic specialization of (nj);-7 if (€j)jes is a generic specialization 
of (n;);-s for every finite subset J’ of J which contains K. It follows that 
we may assume that J is finite. Making this assumption, it is easy to see 
that there exists an integer ky) = 0 such that 


for every integer k = ko. By a well-known result concerning specializations 
over a field (for example, see Weil [9], p. 28, Theorem 3) it follows that if 


we regard as a field then (8,%- jes 18 @ generic 
specialization of OVer F for every k= ky. 


This implies that ({;);-, is a generic specialization of (a;)j-y over the 
differential field #. 


A zero of a prime differential ideal 11 of 


F{y;,° + +,Yn} of finite order is generic if and only if 


4. Constants. Let ¥ be a differential field, and denote the field of 


constants of # by @. By the order of a differential operator 8,4- - -8,i™ 
we mean the inteer i, If 6:,-- -,6, are differential operators 
of the form - (0S1, <%,---,0 St, <0) then we use 4, 


to denote the differential polynomial defined by W-,.», = det (6:y;). 


ProposiTIon 3. The elements m:,°--,n of F are linearly dependent 
over if and only tf for all choices of On 


of order <n. 


This has been proved in Kolchin [6]. 


and 
é 
| 
( 
: 
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A consequence of this proposition is that if ,°--,7n are linearly 
dependent (or independent) over the field of constants of some differential 
field containing them then they are linearly dependent (or independent) 
over the field of constants of any differential field containing them; there- 
fore we may speak simply of linear dependence or independence over constants. 


Corottary 1. Let L be a homogeneous linear polynomial in 
Flu, °*,Uq]. There exist a finite number of homogeneous linear poly- 
nomials L,,: --,L, in @[u,° *,Uq] such that q constants in an extension 
of F form a zero of L if and only if they form a zero of Ly,- - -, Ly. 


Proof. Write L => Lia, where are elements of linearly 
i=1 


independent over @ (and therefore over constants) and each J; is a homo- 
geneous linear polynomial in If yq are constants 
then so is Li(yi,° 1S iSr, so that L(y1,° -,yq¢) =O if and only 


Corottary 2. Let mn’ be a set of polynomials in Fl[u,-- -, Ug]. 
There exists a set m of polynomials in @[u:,° +, Uq| such that q constants 
in an extension of F form a zero of mw’ if and only if they form a zero of m. 


Proof. This follows from Corollary 1 since each polynomial in 1;,-- +, Ug 


is a linear combination of power products in w,° - -, Ug. 

3. Let y1,° +, yq be constants in an extension of F. Then 
PF <1; > Ya>/ F ’ Ya>/ 

Proof. By Corollary 2, yi;° yie are algebraically dependent over 


if and only if they are over 6. 


Corottary 4. If & is an extension of F with field of constants D and 
E is a differential subfield of F then N F¥ = 


Proof. If «ae €<@> then obviously F. Conversely, let 


Then there exist elements e,,- - -,e-e€ linearly indepen- 
dent over constants and elements d,,---,d,,d’;,---,d’-e D with d’,,---,d’, 
not all 0 (so that Sd’je;40) such that dje;/> that is 
dea dye; This means that - -, are linearly 
dependent over constants, and therefore over @; thus there exist elements 
°°, @ not all 0 such that Scie; —0. Since 
+, are linearly independent over constants it follows that c’,,- - -,c’, 


are not all 0, so that c’ie; whence « = > cyei/D >. 


) 
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Corottary 5. Let D bea field of constants containing @ and contained 
in some extension of ¥. Then the field of constants of F¥<D» is D. 


Proof. Let e be a nonzero constant in ¥<D>. Then we may write 


8 r 8 
e> = > where d’;, d”;e D, F, AON. We sup- 
j=1 i=1 j=1 


pose that of all such equations ours is one for which s is minimal, and 
also, without loss of generality, that «”,—1. For each k(1S km), 


8-1 r 
= > and this would contradict the minimal nature 
4=1 


8 

of s unless (8,0;)d”; = 0; thus is a constant. It follows that 
j= 

our corollary will be proved if we show that every nonzero constant ae #<D> 


q 
of the form a= > ad; (ae $,d;eD) belongs to D. To this end we may 


suppose that a,,---,%, are linearly independent over constants and that 
q 

every d;~0. Since Sk Sm) it follows from 

Corollary 1 that there exist elements ¢:,- + -+,¢g of @ not all 0 such that 


q q 
Dd = 0(1SkS™m), so that the element c= > belongs to &@. 
4-1 


i=l 
Now, @,° % are linearly independent and 
q q 
(ac; — cd;) =a > ace;—c ad; = 0, 
4=1 


so that each ac; — cd; = 0, whence ae D. 


5. Universal extensions. Let #* be a differential field and let F be 
a differential subfield of #*. We shall call ¥* a universal extension of 
J if, for every finitely generated differential field extension #, of F with 
#,C F* and every integer n > 0 and every prime differential ideal II of 
*;Yn} not containing 1, there exists a generic zero (m,° 
of If with ,°-*-*,me&*. <A necessary and sufficient condition for an 
extension #* of F to be universal is that for every finitely generated 
extension #, of ¥ with F¥, C F* and every finitely generated extension § 
of F, there exist an isomorphim of 8 over ¥, into ¥* (that is, an iso- 
morphism o of § into ¥* such that ca —a for every ac F,). If F* is a 
universal extension of ¥ then F¥* is a universal extension of every finitely 
generated extension of ¥ contained in ¥*, and ¥* is also a universal 
extension of every differential subfield of ¥. If ¥* is a universal extension 
of # then the degree of differential transcendence of ¥* over F is infinite, 
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and (because of the Ritt basis theorem) for every integer n > 0 every differ- 


ential ideal in +, Yn} not containing 1 has a zero (m,° °°, 
with m,° ° *;me€#*; in particular F* is algebraically closed, and the field 


of constants of #* is an alegbraically closed extension of the field of constants 
of ¥ of infinite degree of transcendence. 

We shall prove below that every differential field .# has a universal 
extension #*. Once this fact is known it is possible to define the manifold 
of a set ® of differential polynomials in ¥ {y,,- - -, yn} as the set of all zeros 
Of ® with this use of universal extensions 
extends the well-known procedure of modern algebraic geometry, and gives a 
workable definition of manifold free of the logical difficulty involved in using 
“the set of all extension of # ” (see Ritt [8], footnote 2 on p. 21). 

Let If be a prime differential ideal of F{yi,---, yn}. If is an 
extension of ¥ the ideal ¥-IL of H{y:,---, yn} is a perfect differential 
ideal (Proposition 1); we shall say that IL is absolutely prime if 9 - IL is 
prime for every extension §. If §-II is prime when we take for § some 
algebraically closed extension of ¥ then II is absolutely prime (because of 
Proposition 1 and the fact that every polynomial # over ¥ which is irre- 
ducible over an algebraically closed extension of ¥ is absolutely irreducible). 
In particular, if ¥ is algebraically closed then every prime differential ideal 
of F{y:,° Yn} is absolutely prime. 


Proposition 4. Let I be a nonempty set of indices; for each iel 
let be an integer > 03; let (Yij) ger,1<j<n, be family of indeterminates ; 
for each ve I let 11; be an absolutely prime differential ideal of F {yi,+ +5 Yin,} 
not containing 1. Then the ideal Il generated by J I; in & {(yij) tet,1<j<n: } 

tel 


is a prime differential ideal not containing 1. If I is finite then II 1s 
absolutely prime and ord Il = > ord Ij. 


tel 
Proof. That IL is a differential ideal is obvious. To prove that II is 
prime and 1 # II it suffices to consider the case in which J is finite; by induc- 
tion then the entire proposition can be reduced to the case in which J consists 
of two elements. Accordingly, let J consist of the numbers 1 and 2. Then II 
consists of all differential polynomials P which can be writen in the form 


(2) = C'xx,P in, + CiteP ox Pin, © Wi, Cin © F * Yin})- 


Let °°, m1n,) be a generic zero of Since Il, is absolutely prime 
the ideal A, generated by I, in * > Yon} 18 a prime 


differential ideal, and obviously 1 Az; let Hon.) be generic zero 


) 
l 
| 
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of A, We shall show that (11,° 1m» 21)" Nong) 18 generic zero 
of I, thereby proving that II is prime, that 1 ¢ II, and that 
ord It = 0° F “9 “9 non>/ 
+ OF = ord A, + ord = ord + ord 


It is clear from (2) that (11,° Mims 219° Nong) 18 a zero of II. 
Let P be any differential polynomial in F Yin Yon,} Which 
vanishes at (411,° %21:° Then 


P (nu, 9 Yo15 Yeon, ) A>. 
We now write 


P (m1, "Mims * * Yone) 
Ka 


where 
Cin € F {9115 Yin}> Pox Yor; Yons) F {Yor, Yong}; 


and the elements * Of are linearly inde- 
pendent over #; it is easy to see, since A, = Te, that 
each P2,,€ Let 

Q = P— 


so that > Yong) = 0; if we write 
ky 


where the are distinct power products in Yo1,° Yon, and. their 
derivatives of various orders, and each P,x,¢ ¥{yi1,° °°; Yin,}, then each 
Pix, =9, so that each It follows that P can be 
written in the form (2) and therefore belongs to IT; therefore 5 qin, 
Neon.) 18 generic zero of II. 

To complete the proof it remains to show that II is absolutely prime. 
To this end let 9 be any extension of F. Clearly & - II is the ideal: generated 
by U in Ying Yon}, and - II, - I, 
are prime (because II,, II, are absolutely prime) ; therefore by what we have 
already proved 9 -II is prime. Thus I is absolutely prime. 


ReMARK. We observe from the proof that the hypothesis in Proposition 4 
that each II; be absolutely prime may be weakened. It is enough to assume 
that, for each ie J, II; is prime and ¥;-II; is prime whenever §; is an 
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extension of ¥ obtained by the adjunction of generic zeros of a finite number 
of Ils with 7 Ai. Except for the statement that II is absolutely prime, 
the conclusion of Proposition 4 is then valid (II still being prime). 


TueorEM. Every differential field has a universal extension. 


Proof. We lose no generality in assuming that the given differential 
field ¥ is algebraically closed, for a universal extension of an algebraic 
closure of ¥ is a universal extension of #. We shall show that for every 
algebraically closed differential field % there exists an extension $7 of 
% with the following two properties: 1) 97 is algebraically closed; 2) for 
every integer n > 0 and for every prime differential ideal 11 of 9 {y:,-- +, Yn} 


not containing 1 there exists a generic zero (m,°°-*,;m) of IL with 
m’ * *>me€%1. Once this is done we can define inductively a sequence of 


differential fields such that —F and F*) — for every 
integer k = 0; the union #* — UF? will then be a differential field which, 


as is easy to see, is a universal extension of #. 


Let $, be the set of all prime differential ideals in 9{y,,- - +, Yn} 
which do not contain 1; since 9 is algebraically closed, every element 
of %, is absolutely prime. Let (Ynqj)i<nco,MeBni<j<n be a family of 
indeterminates. For each Te, let A(n, Il) denote the set which is 
obtained when in all the differential polynomials in II we replace y; by 
Ynni (AS 7 Sn); A(n, 11) is obviously an absolutely prime differential ideal 
of B{Yam,* * *> Yann} Which does not contain 1. It follows from Proposition 
4 that the ideal A generated by Ui<neo,tegn, A(n, M1) in the differential 
ring = Y{ (Yn) i8 a prime differential ideal not con- 
taining 1. The differential ring of residue classes @/A is therefore a 
differential domain of integrity, which can be embedded in its differential 
field of quotients 4’. Since 17 A, the canonical homomorphism h of 
onto 0¢/A maps & isomorphically; therefore we may identify each element 
ae & with its image h(a)e GY’. With this identification 9 becomes a 
differential subfield of &’. It is now easy to see that if we set nnyy = h(Ynnj) 
for all n, II, j then, for each n and each Bn, 18 @ generic 
zero of A(n, IL), and consequently a generic zero of 1. Therefore if we let 97 
be an algebraic closure of 9’ then §7 will have the required properties 1), 2) 
above. As we have seen, this suffices to prove the theorem. 
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Chapter II. Algebraic groups of automorphisms. 


Throughout the rest of this paper & will denote a differential field with 
algebraically closed field of constants @, and § will denote a differential 
subfield of G, with the same field of constants @, such that & is finitely 
generated and of finite transcendence degree over F. The relative algebraic 
closure of F in & will be denoted by F°. All differential fields mentioned 
will tacitly be assumed to lie in a universal extension of & fixed once and 
for all; in particular, every isomorphism of & will be an isomorphism into 
this universal extension. The identity isomorphism of & will be denoted by u. 
The field of constants of the universal extension will be denoted by @*. 


1. Specializations of isomorphisms. Let - -,op, 71,° Tp be iso- 
morphisms of §; we shall say that (71,-°-,7p) is specialization of 
01,° Gp) if (ri®)i<i<p,aeg is a specialization of (1%) i1<i<paeg over 

If *,7p) is a specialization of **,op) such that op) 
is a specialization of (7:,: - -,7,)) the we shall say that (7:,:°-,7p) is 4 
generic specialization of (o:,: * *,o)). A specialization which is not generic f 


will be called nongeneric. The relation “7+ is a generic specialization of o” 
is an equivalence on the set of all isomorphisms of ¥, and two isomorphisms 


of & which are in this relation will accordingly be called equivalent. 7 
A 
2. Isolated isomorphisms. We shall say that o is an tsolated iso- 
morphism of 9 over § if o is an isomorphism of § over ¥ such that there ; 
does not exist an isomorphism of 8 over ¥ of which o is a nengeneric 
specialization. le 
Let m,° be elements such that § = 0); 
T1,°**,Tp are isomorphisms of over F then is a specialization 
of if and only if (rinj)1<j<p1<j<n 18 a specialization of 
Let II be the prime differential ideal of F{y,- - -, yn} with generic zero 
(m,° * *;m), so that (Chapter I, Proposition 1) § -II is a perfect differ- 0° 
ential ideal of 9{y.,---,yn}, and let - be the minimal prime 
differential ideal divisors of - II. Let in) be a generic zero of 
then (7i:1,° * *; 7m) is also a generic zero of II, so that there exists a unique 
isomorphism x; of & over F such that ym; = ny (1 Sj Sn). It is obvious 
that if i Av then x; is not equivalent to If o is any isomorphism of 9 


over F then (om:,: **,o7n) is a generic zero of II, so that (Chapter I, 


$ 
nie 
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Proposition 1) (om,° + *,omm) is a zero of precisely one II;; therefore o is a 


specialization of precisely one x; We have thus proved the following result. 


PROPOSITION 1. y1,° * *,xn are inequivalent isolated isomorphisms of 
% over F, and every isomorphism of & over F is a specialization of precisely 


one of these. 


By Proposition 1 an isomorphism o of 9 over § is isolated if and only 
if o is equivalent to x; for some 7, that is (Chapter I, Proposition 2) if and 


only if 
= G/F. 
Since ¥<oB> = (cH)<H> and G/F 0 (c9)/F it follows that o is an 


isolated isomorphism of 8 over ¥ if and only if o is an isolated isomor- 
phism of of over ¥. Thus we have the following result. 


Proposition 2. Let o be an isomorphism of & over ¥. The following 
three statements are equivalent: 1) o is an isolated isomorphism of & over F ; 
2) «1 is an isolated isomorphism of o& over P¥<c9>/4 =PG/F. 


Now let o be any isomorphism of § over ¥, and suppose that o 
leaves invariant some element £¢ 8 which is transcendental over #. Let 
A be the prime differential ideal of ¥{z,4:,---+,Yn} with generic zero 
and let A,,---,A, be the minimal prime differentia! 
ideal divisors of the perfect differential ideal Y-A of Y{z,y:,- Yn}. 
(f,0,° - -, on) is a generic zero of A and therefore a zero of A; for some 7; 
let 7/n) be a generic zero of A; Then is a 
generic zero of A, so that there exists a unique isomorphism o’ of & over F 
such that o’f = 2’, = 7/1,° * it is clear that o is a speciali- 
zation of o’. If £ were invariant under o’, that is if we had ¢ = Z, then we 
would have (because ¢ is transcendental over #) 


or in other words ord A; < ord A, contradicting Chapter I, Proposition 1. 


Therefore o’£ ~£; since of = this means that o is a nongeneric speciali- 
zation of o’, so that o can not be an isolated isomorphism of 9 over §. 
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This shows that the field of invariants of an isolated isomorphism of §% 
over F must be contained in F°. 

If an element of % is invariant under every isolated isomorphism of § 
over # (or, equivalently, under the isolated isomorphisms y;,° - -, xn) then 
the element is invariant under every isomorphism of 9 over ¥, and therefore 
(Kolchin [3], § 12) belongs to #. 

Consider again the prime differential ideal Il of F{yi1,- - -, Yn} with 
generic zero (:,;°* *,7). It is a consequence of Chapter I, Proposition 1 
that the minimal prime differential ideal divisors of the perfect differential 
ideal F°- of Yn} are h in number, one being contained in and 
generating each of the minimal prime differential ideal divisors II,,- -- , 1, of 
§ - II; we denote the minimal prime differential ideal divisor of ¥°- 1M which 
is contained in I; by II,°, so that 9 Now (m,-°- +, mn) is a zero 
of precisely one II,°, say of II,°; because 


OF? 9n>/F° = PF = ord Il = ord 


we see (Chapter I, Proposition 2) that (71,° - +,2) is a generic zero of II,°. 
Also, the identity isomorphism « is a specialization of precisely one yi. 
Because (m,° = (em,* *,¢m) is a zero of and § -I,°, 


« must be a specialization of y,. It follows from this that the restriction 
of x, to ¥° is the identity isomorphism of ¥°. If o is any isomorphism of § 
such that the restriction of o to ¥° is the identity then (om,: --,o07n) is a 
zero Of II,° (because (7:,° * *,7n) is) and consequently a zero of II,, so that 
is a specialization of y:. 

Collecting these remarks we have the following result. 


Proposition 3. The field of invariants of an isolated isomorphism of 
& over F is contained in F°; the field of invariants of a complete set of 
representatives of the h equivalence classes of isolated isomorphisms of § 
over F is F. If oo is an isolated isomorphism of & over F of which « is a 
specialization then the field of invariants of a» is ¥°; every isomorphism of § 
which leaves all the elements of ¥° invariant is a specialization of ao. 


3. Strong isomorphisms. Ifo is any isomorphism of 9 we denote the 
field of constants of ¥<oc%> by bo. 
We shall say that an isomorphism o of § is strong if 


of C §<B*>, & C (0h) <B*). 


By Chapter I, Corollary 4 to Proposition 3 (with 9, 9<o%>, %<8*) 
playing the role of €, ¥, § in that Corollary) the first of these inclusions is 


Ov 


sty 


strong isomorphisms of & over §. 
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equivalent to o¥ C &<&o); similarly, the second of these inclusions is equi- 
valent to 8 C (c&)<Bo>. Consequently o is strong if and only if 


(1) = = Bod. 


Obviously every automorphism of § is strong. 

Let Il,7,° °°; have the same significance as in §2. Because the 
field of constants @ of ¥ is algebraically closed it is easy to see that every 
polynomial irreducible over ¥ remains irreducible over F¥<@*>. It follows 
(Chapter I, Proposition 1) that the differential ideal I* — ¥<@*>- II of 
F<6*>{41,° Yn} is prime, and ord = ord II. 

Let o be any strong isomorphism of over om) is a 
generic zero of II, and therefore a zero of II*. For every finite subset c 
of @* we have (Chapter I, Corollary 3 to Proposition 3) 


PF <c><om, omn>/F LOD = ) <0>/F 
= 0° (0) <c>/F —PF = 0° + 0 (0G) /F 
— PF <c>/F = 0 + ord I — = ord Il* ; 


since this holds for every finite subset c of @* we infer that 
°F <B*><om;* 0m>/F<B*> = ord II*, 


so that (Chapter I, Corollary to Proposition 2) (om,° : +,on) is a generic 
zero of II*. In the same way we also show that (71:,°--,7,) is a general zero 
of II*, so that +, is a generic specialization of over 
3<4*>. Therefore there exists a unique isomorphism o* of 
over F< onto F< 6*><om, such that o*n nn = O7n; 
that is there exists a unique isomorphism o* of &8<@*> over F<6*> which 
extends «. Since by (1) 


o*(G<B*>) = (0) = (08) <B0><B*> = o><B*) = B*). 
we see that c* is an automorphism of 9<¢@*)». 


Now let us start at the other end with any automorphism o* of §<@*)» 
over #$<6*>. The restriction o of o* to & is then an isomorphism of % 
over Obviously C and C so that o is strong. 

We have thus proved the following result. 


Proposition 4. The mapping which to each automorphism of $< @*> 
over F<6*> assigns its restriction to Y is one-to-one onto the set of all 


15 
| 
) 
t 
f 
f 
| 
» 
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In virtue of Proposition 4 we may identify each strong isomorphism of 
& over ¥ with the automorphism of 8<@*> over F<6*> of which it is 
the restriction. This identification permits us to multiply any two strong 
isomorphisms of % over F, and to consider the set of all of them as a group. 
We shall denote this group of all strong isomorphisms of 8 over # by *, 
and the subgroup of @* consisting of all automorphisms of 9 over # by G. 

If o is a strong isomorphism of § over #, application of o* to (1) 
shows that @c C 6o0-; interchanging o and o™ reverses the inclusion; we 


conclude that 


(2) bo Bo-. 


4, Specializations of strong isomorphisms. 


Proposition 5. A specialization of a strong isomorphism of & 1s always 


strong. 


Proof. Let o be a strong isomorphism of %. By (1), for each 


r r 

we may write a relation = ¥ where a;, b; are constants. 
i=1 i=1 

B:,: + *,B, are elements of § linearly independent over constants, and 


> 5:8: +40. Therefore B,,- -,8,, are linearly dependent 
over constants so that (Chapter I, Proposition 3) the differential polynomial 
W,...00r Bry) © B{y} vanishes at ox for all choices of 
the differential operators 6,,- - -, 62, of order < 2r. If o’ is a specialization 
of o then this differential polynomial also vanishes at o’a so that (Chapter I. 
Proposition 3) there exist elements a’;,- - not all 0 
such that a’;8:— > —0. Since 8, are linearly indepen- 
dent over constants not every 0b’; is 0 so that } 0’,8; ~0 and 


Thus = Gi ho». 


r 
Again by (1), for each ae & we may write «= > ajoBi/>d dioBi, where 


i=1 4=1 
a;,b, are constants, of:,- - -,o8, are elements of o§ linearly independent 
over constants, and > bic8; ~ 0 (so that B,,- - -, 8, are elements of % linearly 
independent over constants and }b,8;+40). Therefore the differential 
- for every choice of 6,,- of order < 2r, so that this 
differential polynomial also vanishes at (0’B;,- - -,0’B-). This implies that 


there exist constants a’;, @o not all 0 such that a’jo’B; — ¥ «b’io’B; = 9; 


t 
V 


e 
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because 8, are linearly independent over constants -,0’Br 
are too, so that #0. Therefore 

a= Bi/X Bie (0G) < Bor, 
so that &<o’ > = (0’G)<Bo>. It follows that o’ satisfies (1) and o’ is 
strong. 


ReMARK. We observe from the proof of Proposition 5 that if o is an 
isomorphism of § which satisfies the first (second) equation (1) then every 
specialization of o also satisfies the first (second) equation (1). 


Proposition 6. If are strong isomorphisms of & over F and 
if (tT1,°**, 7p) ts a specialization of (01,: op) then (1174, +, 


is a specialization of (o;*, Wa, * 

Proof. Let Fe &{ (213) 1<j<q} 3 Uf we denote the coeffi- 
cients in by -, then we may write 

(215) (2ij) o<i<p, 1<j<q) 

= G( (Aj) (Hii )o<ix<p, (Bi) )> 
where Ge F{(21;);<j<q> o<t<p, If F vanishes at 
( (01 1<j;<q), that is if G vanishes at 
( 1<j<@ ) 1<j<@ (Bx) 1<k<r)» 


then application of o, shows that @ vanishes at 


((%)r<j<qs (01%; o<j<p, 1<j<q? (018k) 3 
since *,7p) 18 a specialization of this implies that 
vanishes at 
( (Ti%; o<j<p, 1<j=q? (718%) 1<k<r) 3 
application of 7,-' shows that G vanishes at 
( (71° oxi<p, 1<j<q? (Br) 


that is that F vanishes at 1<j<q)+ It follows 


that 7,71, +, is a specialization of (0171, o1-102,° 0110p). 
Let be isomorphisms of which have the following property : 
whenever 7;,° - -,7, are isomorphisms of % such that 7 is a specialization 


of o (1 then is a specialization of (01,° 


we shall say under these circumstances that o1,- - -,op are independent. 


). 
) 

1 

e 

t 
t 
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Proposition %. The strong isomorphisms o1,- + *,op of & over F are 
independent if and only if 0% <0,9,- 
ia 


Proof. Let A; denote the prime differential ideal in 9 {yi,- - *, Yim} 


with generic zero (oimi,* Where as before generate 
8:9 Tf is a generic zero of A, then 
is a generic specialization of over &, so 


that there exists an isomorphism of = onto 
= §<£'>, where @’; is the field of constants of 7'in>. The 
field of constants of & is @, which is algebraically closed; it easily follows 
that every polynomial which is irreducible over 9 remains irreducible over 


so that (Chapter I, Proposition 1) 9;,- Ai, is prime (1 <%= p).° It follows 
(see remark following the proof of Proposition 4 of Chapter I) that the 

p 
ideal A generated by A; in 1<i<p,1<;<n} is a prime differential 
i=1 


ideal. Since the order of each A; is finite so is the order of A, and 
ord A= ord A;. Therefore (Chapter I, Corollary to Proposition 2) 
(o:)) 1<i<p,1<j<n 18 @ generic zero of A if and only if 


+, = PS < (om) =ord A 


— 


= Ay = OY <oim,: +, <oiG>/G. 


It is easy to see, however, that o1,- - -,op) are independent if and only if 
(oinj) 1<i<p,1<j<n 18 @ generic zero of A. This completes the proof. 


Proposition 8. If o1,° *, op are independent strong isomorphisms of 
& over F and if 74,:+*+,7, are isomorphisms of & such that 7 is a 
specialization of (1SiSp) then (m1, 7172,° *,71Tp) ts a specialization 


of (01, 0102,* * *, 0109). 
Proof. By (1) and (2) we have 
= 0019, +, 
which (Proposition 7) equals 


vn 
178 


ire 
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Therefore (Proposition 7) o;71,02,:°*,o) are independent. If 7 is a 
specialization of o; (1<i<>p) then (Proposition 6) 7,* is a specialization 
of whence (1,72, *,7) is a specialization of (0,*,02,° *,¢p). 
By Proposition 6 it follows that (71, 7172," °°, 7:Tp) 18 a specialization of 
(o1; * * 5 

If W(X:,---:,;X,) is a word in X,,-->-,X,, that is if it is an 
element of the free group generated by X1,---,Xp, and if o1,°* *,op are 
strong isomorphisms of § over ¥, then W(oi,:--,op), the meaning of 
which is obvious, is itself a strong isomorphism of % over #. 

If « is a strong isomorphism of 9 over ¥ then, since % is finitely 
generated over is too, so that ¥<c¥> = H< o> is finitely generated 
over & ; using Chapter I, § 4, it is not difficult to see that then @c is finitely 
generated over 6. 


Proposition 9. Let be strong isomorphisms of over &, 
let * be constants such that Bo, = B<yun,' AStSp), 
elements of &, and let N be a differential polynomial in ${w,,- - -,w,} 


which does not vanish at Wr(o1,° op)ér). Then 
there exists a polynomial Me B[ (Uix)1<i<p,1<x<q,] Which does not vanish at 


is a family of constants which is a specialization of (yix)1<<p,1<K<q, OVE B 
which does not annul M then for each 1 (1 there easts a 
unique isomorphism 7; of & such that ((ti%)gegs (Cix)i<p<q, ) @ Specializa- 
tion of ((o:%)aegs (vik)i<n<q,) OVET YG, Br, = Cig.>, N does not 
vanish at 
and, for every finite family 
(W'1(X1,° +,Xp),° +, +, Xp)) 
of words, 
is a specialization of 
(W's op), W’s(o1, Op) )- 
Proof. By (1) there exist 
Ajj, Bi F Yn} [Wars | (1 p, 1 = nm), 
Ey, F ° 


m) 
te 
n 
80 
to 
n> 
he 
7S 
al 
(Vik) 1<t<p, 1<K<q, ANA which has the following property: tf 
L 


780 E. R. KOLCHIN. 


such that, for all 1, 7, k, 
Fj (om, * * * Yiar) FO, 
Let (Cix)1<¢<p, 1<¢<q, be a family of constants which is a specialization 


of )1<i<p, OVeT 4, and therefore (Chapter I, Corollary 2 to Proposi- 


tion 3) over &. If 
(5) IT Bi(m,° City" * Cigg) AO 
and if we set 7 
then ( (Cit) 1<i<p, ) 18 Specialization of 
( (inj) 1<j<n> (Vie) 1<i<p, ) 
over &. If moreover 
(7) TT Dix(m, * Sin) AO 
then 
If in addition 
then 


Assuming that (5), (7), (9) hold we see that (fn,°--,%in) is a 
specialization of (oim,: - over &, and therefore of (m,° over 
J, such that 
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which by (6), (8), (10) equals 

+ OF <n; Cig.>/F 
which by Chapter I, Corollary 3 to Proposition 3, is 20. It follows 
(Chapter I, Proposition 2) that (fi,° - -, fin) is a generic specialization of 
(m1,° over so that there exists a unique isomorphism 7; of 
= over F such that 7; = (1 Sj Sn). By (6), (8), (10) 

so that = It is apparent that 7 is the unique iso- 
morphism of such that (Cix)i<p<q,) 18 a specialization of 
((9:%) weg> ) over 

By (4) and (10) 
From (3), (6), (11), (12) it is not difficult to see that for every word 


such that 


H;"(m,° "5 (yix) ) ~ 0, Ay" (m, " 5 (Cix) ) #0 
and 


It follows, for any finite family of words 


that tp) 1<1<s,1<j<n 18 Specialization of 
W op) Nj) 1<1<e, 


over so that 


is a specialization of 
It also follows that for each h (1=h Sr) there exist 


qh, Ine Yn} [ (ik) 
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with 
such that 


tp) én = La (m, ° "5 Ins (ciz) )/ITn (mi "5 (Cix) 
and therefore that there exist 


such that 
and 


U(m,° / (yvix)9/V (ms (yix)), 


Now there exists a polynomial VW’ Y[ (wir) :<;<p, Which has the two 
properties that it does not vanish at (yix) 1<j<p,1<p<g, and that if it does not 
vanish at (Cit) then (5), (7), (9) hold and U(m,° - (Cix) ) 
~0(. Therefore (Chapter I, Corollary 2 to Proposition 3) there exists a 
polynomial Me @[ (wiz) 1<j<p,1<z<q, | With the same two properties. This 


M has the property described in the statement of the proposition. 


1. Let m,° be elements of & that 
let g,r be integers such that 1SqSr, let 
We(Xs,- +,Xp) be words, let -, 0p be strong 
isomorphisms of & over F, and let Qe H{(yisj):<i<-, 1<j<,} not vanish at 


0p) Then there exists a Pe & { 


» 


which does not vanish at (Wi(o1,° 1<i<¢,1<j<n SUCH that for every 


which P((p’inj)1<i<q,1<j<n) ~ 0 there exists strong isomorphisms ++, 


—t—dqd, i—jJ— 


of G such that p’; = +, 
is a specialization of 


and Q( (Wi (o',, oy) nj) 1<i<r, 1<j<n) 0. 


€ 
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Corottary 2. Let o be a strong isomorphism of & over F, let 
eG, let Ne +, we} not vanish at Then 
there exists an automorphism 7 of & over F such that + is a specialization 
of o and N +, 0. 


CorotLary 3. Let o be a strong isomorphism of & over F, let F, bea 
differential field between ¥ and H, and suppose that the restriction o’ of o 
to #1 is a strong isomorphism of F,. Then there exist a finite number of 
nongeneric specializations o’,,: +, 0's of such that every specialization 
of o” which is not a specialization of o’; (1 SjSs) is the restriction to F, 
of some specialization + of o. 


Proof. Let Yq be constants such that ¥,<0’F1> 
exists a polynomial Me -,Uq] with M(y1,- yq) #0 such that 


whenever are constants such that (¢:,- -,¢q) is a specialization 
of ya) over @ with --,¢,) #0 then there exist an iso- 
morphism + of such that ((r%)aeG, *,€q) is a specialization of 
((o%)aeG, yi," °°; Yq) over &, and a unique isomorphism 7’ of ¥, such that 
Cp) i8 a specialization of ((0’%)ae%:, y1,° yp) OVer Fi. 


There also exists a polynomial Ke @[w1,° Up] with K(y1,- +, yp) 
such that every specialization of yp) with 
~0 can be extended to a specialization (¢:,: - of (y1;° yq) over 
4 with M(c,- - -,Cqg) #0. We now write, for 


yi = (0'A,, - 4 /S 0°61), 


where 6;,° -, 6; are elements of ¥,,such that = #<0,,- - -,0), R, and 
Se Fif{yi,: and S(0',,- - 40. If 7’ is any specialization 
of o’ such that S(7’0,,- - -,7’6:) 40 and if we set 


then ¢,,- -,¢, are constants such that is a specialization of 
*>yp) over @. If in addition 
K ’ Dp 1s l 
that is K(¢:,: - -,¢p) 0, then we may extend (¢,,- - -,¢p) to a speciali- 


zation *,Cq) of *,yq) over @ such that M(c,---,c,) £0, 
so that there exists an isomorphism + of such that 


is a specialization of *>Y¥q) over Y. Under these circum- 


= 
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stances 7 will be a specialization of o, and 7’ will be the restriction of + to #,. 
Thus, the specializations 7’ of o’ which can not be extended to a specialization 
of o have the property that (7’6:,---,7'0:) is a zero of SL, where L 
is a differential polynomial in #,{y:,---*,y.} obtained by multiplying 


K(S“*R,,- by a power of 8; of course (0',,- -, is not a 
zero of SL. Now let & be the prime differential ideal of ¥,{y:,°- -,y:} 
with generic zero - and let - -, 3s, be the minimal prime 


differential ideal divisors of {3, SZ} in #,{y,,---,y}. If 7’ is a speciali- 
zation of o’ which can not be extended to a specialization of o then 


(7’0,,- is a zero of 3; for some 7. Let be a generic 
zero of this 3;; then is a zero of &. hence a specialization of 
(o6:,° - -,0'0,) over F, and a fortiori over ¥, and therefore a specialization 
of over ¥. But (Wj,° admits +, as a 
specialization over #, and therefore over F, so that (6:,° - -,6,) is a speciali- 
zation of (Wj,° over F. Thus +, is a generic speciali- 
zation of (6,,- - *,6:) over ¥, so that there is a unique isomorphism 0’; of 


J, over F such that (1 Sil). Clearly 7’ is a specialization 
of o’;, 0’; is a specialization of o’, and because 


0°o' ;F1/F1 = ord < ord § = 


the latter specialization is nongeneric. This completes the proof of Corollary 3. 


5. Algebraic sets. A subset Yi* of the group ©* of all strong iso- 
morphisms of 9 over # will be called an irreducible set in G* if Mt* contains 
an element o* such that $%* is the set of all specializations of o*; any such 
o* will then be called a generic element of I*, and the transcendence degree 
0°%<c*%>/&, which does not depend on the particular generic element o* 
employed, will be called the dimension of M* (notation: dim Mi*). It 
follows from Chapter I, Projosition 2, that if o* and 7* are any two isomor- 
phisms of 8 over ¥ such that r* is a specialization of o* then 0°9<7*Y>/H 
<= 0%<c*G>/G, and we have equality here if and only if the specialization 
is generic. Consequently if t* and M* are irreducible sets in &* such that 
M* D N* then dim M’* =} dim M*, and dim M’* — dim M* if and only if 
M* — MN*. A subset M{* of G* will be called an algebraic set in G* if M* 
is the union of a finite number of irreducible sets in G*. It is easy to see 
that an algebraic set in @* can be written in one and only one way as the 
union of a finite set of irreducible sets in @* none of which contains another ; 
these unique irreducible sets, which are the maximal irreducible sets con- 
tained in the algebraic set, will be called the components of the algebraic set. 
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re It is a consequence of Corollary 2 of Proposition 9 that every nonempty 
nD algebraic set in G* has a nonempty intersection with the group © of ali 
automorphisms of 9 over #, and that if N* are algebraic sets in 
g with M*AMN* then M* GAMN* NG. Accordingly we shall call a subset 
a M of G an irreducible set in G or an algebraic set in & if Mt is the inter- 
} section with & of, respectively, an irreducible set in G* or an algebraic set 
e in G*; this set in G*, which is unique, we shall denote by Mt*. If Mt is an 
I- irreducible set in & we define the dimension of Mt (notation: dim Yt) by the 
n formula dim Yt = dim M*, and define generic element of Mt as a generic 
ic ff element of 2t* (so that a generic element of Yt need not be an element of Mt) ; 
if if o* is a generic element of I we thus have dim M = #Y<o* B/G. If M 
n and 9 are two irreducible sets in © with Mt D MN then dim Mt = dim Mt, and 
a equality of dimension implies that Ji{—Y9. An algebraic set in G© can be 


\- written in one and only one way as the union of a finite set of irreducible 
\- sets in & none of which contains another ; these unique irreducible sets, which 


if are the maximal irreducible sets in © contained in the algebraic set, will be 

n called the components of the algebraic set. If Yt is an algebraic set in © 
and -, Mt, are its components then Mi*,,- - -, are the components 
of 


Proposition 10. Every nonempty set of algebraic sets in © has a 


minimal element. 


. Proof. To each algebraic set Nt we associate the sequence 


S k(M) = (ka(M) ) o<ace 

h 

, where ka(Yt) is the number of components of Yt of dimension d; since the 
" dimension of every irreducible set is < 0°4/F we have ka(M) —0O for all 
, d>6é°$/F. We introduce an order into the set of sequences k(M) by 
writing k(Qt) = &(M) whenever either —k(N) or k(M?) Ak(MN) and 
the last nonzero difference ka(It) — ka(Mt) is positive. It is easy to see that 
: if M C MR then k(M) S k(MN) ; since it is obvious that in any nonempty set 
t of algebraic sets in G there exists one for which the associated sequence is 
f minimal, the proof is complete. 

ProposiTIoN 11. If -,Mtp are irreducible sets in then there 
exists an independent family of generic elements of - Mp; tf pre M*; 
p) then pp are independent generic elements of -, Mp 

if and only if pp¥>/4 => dim M,. 

4=1 


Proof. Let o; be a generic element of Mi, and let ya,- - 


) 
| 
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stants such that 1StSp. It is obvious that 


there exist generic specializations -,Sig,) Of (yu,° yig,) Over 6, 
1=i=p, such that 
p 
0° B< (8i;) 1SiSp, 1<j<q:>/4 0° B- 
i=1 


By Proposition 9 there exists a strong isomorphism 7; of & over ¥ such that 
7, is a specialization of oj and @,,— 6<81,° +, 8iq,>. Because 


it follows that 


where 7:,° °°, 7 are elements of & such that § = +, n>; there- 
fore (Chapter I, Proposition 2) 7imn) is a generic specialization 
of (om,: *,oimn) over 9, so that 7; is a generic specialization of and 
therefore a generic element of Yt;. Because 


OG tpG>/G = (8x) 1SiSp, 


BK (Six) :<i<p, 1<k<qi> = 0° B<8i1, 
=> = LDP 


we see from Proposition 7 that 7,,---,7p) are independent. If p; is an 
element of (1 p) then pi,° - -, pp are independent (Proposition 7) 
if and only if pp9>/48 = and are generic if 
and only if =—dim M; (1 Sisp). 


PRoposiTION 12. If Mt is an irreducible set in & with generic element o 
and if re & then rM and Mr and Mt are irreducible sets in © with generic 
elements ro and or and o* respectively, and dim 7M = dim Mr = dim Yr" 
== dim Mi. 


Proof. The set consisting of the single element 7 is obviously an irre- 


ducible set of dimension 0, and 
PS = PS <cH>/4 =dim M+ 0; 


therefore by Proposition 11 0,7 are independent, so that (Proposition 8) 
every element of 79? is a specialization of ro. Therefore if 9 is the irre- 
ducible set in © with generic element ro then 7M? CN. Similarly, rYt is 
contained in the irreducible set in © with generic element 7-1(7o) =, that 
is in M, so that 9% CrM. Therefore 7Mt — MN, so that 7M? is irreducible and 
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has generic element ro. The proof for Mtr is similar and for Yt* is even 
simpler. Finally 


dim 7M = PY = 0 
= = dim MN, 


dim Dir = 0% = 0G = dim M, 
and dim 9t-t = dim Mt by (2). 


Proposition 13. If ® is a nonempty set of algebraic sets in © then 


() M is an algebraic set in &. 
Meh 


Proof. If ® contains only one element the conclusion is obvious. Suppose 
next that & contains precisely two elements, say Yt, and Yt., and assume first 
that Mt, and Mt, are irreducible; let o, and o, be generic elements of 
and Mt. respectively. Letting be elements of § such that 
G = F<m,°-*,n>, we let M; denote the prime differential ideal in 
Yn} with generic zero (om,* oi), t= 1,2. Let Ni,---,Np 
be the minimal prime differential ideal divisors of the perfect differential 
ideal {M,,M.} in yn}, and let be a generic zero 
off N, 1Sisp. It is clear that (f:,:--, in) is a specialization of 
0192) and of (oom1,° * over & and a fortiori over #, so 
that (€i:,° °°, fim) is a specialization of over For every 
ce Mt, Ms, (om,° is a zero of {M,, M2} and hence of some N; 
and therefore is a specialization of +, over for some Let 
I be the set of all integers i with 1 =i=p such that Mt, N Mt. contains an 
element o for which (om,° - -, on) is a specialization of &n). For 
each te I there exists a oe Mt, M Mt such that (om,- +, om) is a speciali- 
zation of +, over & and a fortiori over ¥, so that (m,-° 
is a specialization of in) over By the above, (fi,° fin) is 
then a generic specialization of (:,° - *.) over #, so that there exists a 
unique isomorphism 7; of over such that rim, tinn = Lin. 
Let 9; be the irreducible set in © with generic element 7;. Each element of 


M,AM., is a specialization of some 7; and therefore belongs to LU Mi. 
tel 
Conversely, each element of J 9; is a specialization of some 7; and hence 
tel 


also of o, and o, and therefore belongs to Mt, N Mio. Thus M,N M.— U MN, 
tel 
so that Mt, ON Mt. is algebraic. 


Continuing with the case in which & consists of Mt, and Mt., now abandon 


the assumption that Mt, and Mt. are irreducible. Denoting the components 
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of by Mir,---, Dip, (C= 1,2), we have Mt. = U Why By 


what has already been proved, each Ytij M Mtex is algebraic, so that Yt N M, 
is too. The proposition thus holds when ® consists of two algebraic sets. 
The extension to the case in which ® consists of any finite number of 
algebraic sets is immediate by induction. 

Now let ® be arbitrary. Let © be the set of all intersections of finite 
nonempty subsets of @. By the case already known, each element of W is an 
algebraic set in ©. By Proposition 10, ¥ has a minimal element, say SN. 
It is obvious that MANewW for each Me; since MN RMR CMR and MN is 
minimal in this means that that is CM. Therefore 
XN — () Mt, and the latter is algebraic. 

Med 

6. Algebraic groups. By an algebraic group in & we shall mean a 
subset of © which is a subgroup of and at the same time an algebraic set 
in &. If § is an algebraic group in & and §* is the algebraic set in ©* 
such that § = G© NM H* then §* is a subgroup of G*. To prove this we 
observe that for two independent generic points o*, 7* of two not necessarily 
distinct components of §* (see Proposition 11) we have o*-*r* ¢ §*, for 
otherwise by Proposition 9 we could find elements o, r © § such that o'r #6; 
it follows from Proposition 6 that whenever o,7¢ *, so that §* 


is a group. 


THEOREM 1. Let § be an algebraic group in ©. The components of § 
are pairwise disjoint; the component §° of § which contains the identity 
automorphism « is a normal algebraic subgroup of § of finite index; the 
components of § are the cosets of §° in §. 


Proof. Let $1, S2 be components of § which contain x and let o*;, o*; 
Since o*,0*, belongs to §* it 
belongs to some component §*, of $*. By Proposition 8, o*, —o*. is a 
specialization of o*,0*, so that §*, and therefore $*, = and 
similarly o*,—w*, is a specialization of o*,0*, so that §*.C §*, and 
= §*,; therefore $*, $*, so that Thus precisely one of 
the components of § contains .; we denote this component by §°. Now let 
§’ be any component of §; if o’ is any element of §’ then (Proposition 12) 
is an irreducible subset of containing « so that C and 
§’ Co’. Since (Proposition 12) o’$° is an irreducible subset of § and 
§’ is a component of § this implies that §’ —o’S°. Similarly we find that 
= §°o’, so that o’S° = $°o’. If we choose §’ as §° we see that = 
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be independent generic elements of $1, 92 
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for every o£ §° so that §° is a subgroup of §; since o’S° = §°o’ for every 
o’ € §, $° is a normal subgroup of §. By the above, the components of § 
are the cosets of $° in §, and are therefore pairwise disjoint. 


Corotuary 1. The components of an algebraic group in & all have 


the same dimension. 
Proof. This follows from the Theorem and Proposition 12. 


By the dimension of an algebraic group § in @ we shall mean the 
dimension of any one of its components. The component containing « we 
shall call the component of the identity of §, and we shall always denote 
it by §°. 


CoroLuary 2. An algebraic group in & is irreducible if and only tf 
has no algebraic subgroup of finite index > 1. 


Proof. If § is not irreducible then §° is an algebraic subgroup of § 
of finite index > 1. Conversely, if & is an algebraic subgroup of § of finite 
index > 1 then so is the component of the identity R° of R; as § is the union 
of the left cosets of R® in § and these are irreducible sets (Proposition 12) 
none of which contains another, § is not irreducible. 


Proposition 14. Let h be a subgroup of © which is contained in at 
least one algebraic set in ©. Then the intersection § of all the algebraic 
sets in © which contain h ts an algebraic group in ©. 


Proof. By Proposition 13, is an algebraic set in &. Obviously § can 
be characterized as the smallest algebraic set in © which contains §. If a is 
any element of § then $0, which by Proposition 12 is an algebraic set, is 
obviously the smallest algebraic set containing ho. Since ho = this means 
that So = §, so that 6h = §. Now let o be any element of §. Obviously 
of is the smallest algebraic set containing of; but of C $h —§, so that 
0) C §. By Proposition 12, §-* is algebraic and therefore is the smallest 
algebraic set containing since § this means that §, so that 
§ is a group. 


Proposition 15. Let § be an algebraic group in & and let h be a sub- 
group of such that §& —h is contained in the union of a finite family of 
irreducible sets in © each of dimension < dim. Then h = §. 

Proof. Expressing § as the union of cosets of h, 6 = U oih (01, = +), 

tel 
we see that if there were more than one coset there would exist an 1,¢/ 
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§, so that o:,6 would be 
contained in a finite union of irreducible sets each of dimension < dim §, 
whence (Proposition 12) so would §. This would imply that the same is 
true of U(S—4), which is impossible. 


with i, ~i,; for this i, we would have oi, C § 


Proposition 16. Let § be an algebraic group in ©, R an algebraic 
subgroup of §, Na normal algebraic subgroup of § Then RMN ts an algebraic 
group in &. 


Proof. RN is a group; we must prove it is algebraic. Let (Proposition 
11) * * be independent generic elements of the r com- 
ponents of & and the s components of 3, let ti; be the irreducible set in & 
with generic element «;v;, and let Mt be the intersection of all the algebraic 
sets in @ which contain RX. By Proposition 8, RNC U Miyj, so that 
(Proposition 14) M is an algebraic group and MC U Mi. If we had 
M* then (Proposition 9) there would exist «°eR, such that 
Mt, which is impossible; it follows that Dt— so that dim M 
=>dim M;;. By Corollary 1 to Proposition 9, the set of elements of Mii 
which do not belong to RM lies in an algebraic set properly contained in Nii, 
that is, in a finite union of irreducible sets all of dimension < dim Mj. 
It follows that Mt{—RM is contained in a finite union of irreducible sets 
each of dimension < dim Mt, so that (Proposition 15) RIt— WM, whence 
KN is algebraic. 


Proposition 17. Let & be an algebraic subgroup of an algebraic group 
§ in &, and let N(R) be the normalisor of R in §. Then N(R) is an 
algebraic group in ©. 


Proof. The intersection 9 of all the algebraic sets containing N (8) 
is an algebraic group (Proposition 14); we shall show that N(R) =%, 
thereby proving that N(&) is algebraic. Let 9, be any component of % 
and let be a generic element of Suppose Using 
Proposition 9 we see that there exists an element such that 
Letting be elements of 9 such that § = F<m,- we see that 
therefore there exists a Qe +, Wn} which vanishes at om) 
for every o€ but which does not vanish at Mn). By 
Corollary 1 to Proposition 9 there exists a Pe &{y,,- ++, yn} which does not 
vanish at (oom1,° such that whenever o’, is a specialization of for 
which P(o’om,° *,0’omn) 9 then 1m, 0’ yn) that 
is then 1 £ KR, so that o’, N(R). Thus P(om,* on) = 0 for every 
ce N(R) It easily follows that N(R) is contained in an algebraic 
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set properly contained in Jt, so that N(R) is contained in an algebraic set 
properly contained in X. This contradicts the definition of §t, and proves 
that o.R*o.? C R*. From this it easily follows, using Corollary 1 to Pro- 
position 9, that oRo- CR for all oe MN save possibly those in a finite union 
of irreducible sets all of dimension < dim 9, that is %} — 9(K) is contained 
in such a union. From Proposition 15 it now follows that N(R) = M. 


Chapter III. Galois theory of strongly normal extensions. 


We recall that the conditions and conventions set forth at the beginning 
of Chapter II remain in force in the present chapter. 


1. Normal extensions. We recall (Kolchin [3], Chapter III) two 
definitions: 1) a set of isomorphisms of 9 over # is said to be abundant 
if for every differential field ¥, between F and & and every element a in J 
but not in ¥, there exists an isomorphism, in the set, which leaves invariant 
each element of #, but which does not leave « invariant; 2) is said to be 
a normal extension of ¥ if the set of all automorphisms of 9 over is 
abundant. We now introduce the following definition: 9 is said to be a 
weakly normal extension of & if for every element a in 9 but not in F 
there exists an automorphism of 9 over ¥ which does not leave a invariant. 
It is clear that if & is normal over ¥ then & is weakly normal over #, and 
that 9 is normal over # if and only if 9 is weakly normal over every 
differential field between F# and Y. Whether 9 can be weakly normal over 
JF without being normal over ¥ is an open question.’ 

The following result was proved in Kolchin [3], § 16. 


THEOREM 1. Let & be a normal extension of F, let © be an abundant 
group of automorphisms of & over F (not necessarily the group of all such 
automorphisms), and for each differential field F¥, between F and § let 


7 If we relax the conditions on G and ¥ by dropping the requirement that every 
constant in G belong to ¥ then the answer to this question is affirmative, as is shown 
by the following example. Let ¥ be the field of all algebraic numbers, let @ be a trans- 
cendental number, let G = ¥(6), and make ¥ and G into ordinary differential fields by 
defining 6,20 for every aeG. The automorphisms of G over ¥ may be identified 
with the fractional linear substitutions (a@ + b) d)-1 with a,b,cdeFf and 
ad—be «0. The only elements of G invariant under 6>9 + 1 are those of , so that 
G is weakly normal over § (in the relaxed sense). But 6¢9(#-+ 6), and the only 
fractional linear substitution leaving 6° + 6 invariant is @—>96, which leaves @ invariant, 
too: therefore G is not normal over ¥ (in the relaxed sense). 
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@(F1) denote the group of all elements of © which leave invariant each 
element of #,;. Then for each F, the field of all elements of & invariant 
under every element of G(F,) is so that G(F,) is a one-to-one 
mapping of the set of all differential fields between F¥ and & onto a certain 
set of subgroups of &. A necessary and sufficient condition that G(#1) be a 
normal subgroup of & is that of, C F, for every oe G, and when this 
condition is satisfied then the mapping which to each element of © assigns 
its restriction to ¥, is a homomorphism with kernel G©(F,) of G onto an 


abundant group of automorphisms of ¥, over F. 


We shall give an example which will show that even when © is taken 
as the group of all automorphisms of 9 over ¥ and G(#,) is a normal 
subgroup of @ (so that ¥, is a normal extension of ¥) the factor group 
@/@G(F,) need not be isomorphic to the group of all automorphisms of F, 
over #, but merely to an abundant subgroup thereof; the example will also 
show that it is possible for an intermediate differential field ¥, that ¥, be a 
normal extension of ¥ and @(¢#,) fail to be a normal subgroup of &. To 
discuss this example we shall need the following lemma. 


LemMaA 1. Let p,q be integers not both zero, let a,b,c,d be nonzero 
elements of 6, let X,, X., X, be indeterminates, and let fe @(X1, X2, X53, X4). 
If f is invariant under the substitution 


(1) (X1, X2, X3, X4) + d, aXe, 0X3, cX PX 1X 
then fe 
Proof. We suppose as we may that f #0; then f is uniquely expressible 
in the form 
f =X NAS (Gi, hj B (Xi, X2, Xs), Jm AO, Mn = 1), 
4=0 j=0 
where > giX,' and }hjX,/ have no common factor as polynomials in X,. 
Because of the invariance of f under the indicated substitution we find that 
gi(X1 + d, 0X3) — Xs, Xs) (eX PX 
hy(X; + d, bX3) = hj(X1, Xo, Xz) (CX "5, 


But the degree in X. of the numerator of any nonzero element de 6(X;, X2, Xs) 
minus the degree in X, of the denominator of ¢ is obviously invariant under 
the substitution 

(2) (X1, Xo, X3) (Xi + d, ; 
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therefore p(n —i) —0 for every i such that 9,0. Similarly, regarding 
degrees in X, instead of we see that g(n—1) whenever 9; ~0. 
Since p and g are not both 0 this implies that g;, 0 whenever in. In 
the same way we find that h; whenever Therefore m =n 
and fe 6(X:,X2,X3); thus we may write f—f(X:,X2,X;), and f is 


invariant under the substitution (2). 


Now the set § of all matrices 


1 «(OO 0 
0 41 

B, 8) 0 0 0 (a, 8, de 6, aB 
0 0 0 B 


such that f(X, + 8, BX3) =f (Xi, X2, Xz), is an algebraic matic group, 
and r(a, 6b, d)e. It follows (Kolchin [5], § 3, Lemma 1) that 7(1, 1, d) e §, 
that is, f(X, d, X2,X3) =f(X1, X2, Xz). Since d+ 0 it is easy to con- 
clude that f is free of X,, that is fe @(X2, Xs). 


ExampLy. Let ¥ be the field of all complex numbers and let 9 be the 
field F(x, e”, e*”, e*) obtained by the field adjunction to ¥ of the functions 
z, e*, of the complex variable with respect to the 
operator d/dz, & is an ordinary differential field with field of constants #. 


We shall first show that if ¥, is a differential field between ¥ and % 
then either #¥, is between ¥<z> and Y or else F, is between F and 
F<e*, e**>. Indeed, suppose F,, and let we must prove that 
be F<e*, e'*>. Since x¢ F, there exists an isomorphism of 8 over ¥, under 
which z is not invariant; it easily follows that there exist nonzero complex 
numbers do, bo, ¢o, d such that (x + d, aoe”, boe*”, coe@*®*) is a generic speciali- 
zation of (x, e”, e',e”) over F,. Letting c—coe® and letting f be an 
element of such that 6 = f(z, e*, we see that 


(3) f(« + d, Ape”, boe*”, = f (2, e*, 


If f were not free of X, this would mean that e*, e#*, ¢*4*, e* are algebraically 
dependent over F(x), and this would imply that 2, iz, 2dr, x? are linearly 
dependent over the ring of integers, that is, there would exist integers p, q,r 
with r 40 and p,q not both 0 such that 2d = (p+ iq)/r. Choosing com- 
plex numbers a, 6 such that a) =a", b) = b" we would then have 

f(a + d, are*, brett, f(2, e*, 


Since are algebraically independent over (x), this would imply 


9 
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that f(X,, X2", X3",X4) is invariant under the substitution (1), so that by 
Lemma 1 we would have fe #(X2,X;). It follows that f is free of X,. 
Therefore we may write (3) in the form 


f(x d, Aye”, bo*”, Coe7e* ) f (2, e”, e*, e**), 


whence f is invariant under the substitution (1) (with (do, Do, ¢o, d, 1, 0) 
instead of (a, b,c, d,p,q)). It follows from Lemma 1 that fe F(X2, 
so that 6¢ F<e*, e#>. This completes the proof that #, is either between 
F<x> and or between F and F<e*, 

It is easy to see that for each choice of nonzero complex numbers a, b, ¢ 
and integers p,q there exists a unique automorphism o = o(p, q, 4, b,c) 
of & over such that ce? =ae*, = bet, 
oe™ == cePtetitex*, and every automorphism of % over ¥ is of this form; let 
us denote the group of all these automorphisms by ©. 

Let F, be between F and Y. If F, is between F<x> and HY then, 
since = <x><e?*, e!*, is obviously a Picard-Vessiot extension of <x), 
% is normal over ¥<z> and therefore weakly normal over ¥,. Suppose, then, 
that F¥, is between ¥ and F<e*, e’*>, and let a be an element of Y but not 
of F,. If «¢ F¥,<e*, e*”> then, by Lemma 1 and the algebraic independence 
of e”, e'*,e* over F(x), the automorphism o(1,0,1,1,1) does not leave a 
invariant but obviously leaves each element of ¥, invariant; suppose, then, 
that ae F<e*, e'*>. Since F¥<e*, e**> is obviously a Picard-Vessiot extension 
of ¥, there exists an automorphism op of #<e*,e'*> over F, such that 
oo% 4%; now there exist nonzero complex numbers a, b such that oe” = ae’, 
= bet*. It is clear that the element o(0, 0, a, 6,1) of is an extension 
of op, and therefore does not leave invariant but leaves each element of #, 
invariant. Thus again % is a weakly normal extension of ¥,. Since #, is 
arbitrary between ¥ and 9, Y is a normal extension of F. 

Now let = F<z, e*>, = F<x>. It is clear that cf; = F; for 
every o = o(p, 9, a, b,c) G, so that is a normal subgroup of the 
restrictions to #; of the elements of G are the automorphisms o(d) of F; 
over # defined by 


with d an arbitrary number of the form 4(p-+ ig), p and q being integers, 
and the group of all these restrictions is not the group of all automorphisms 
of F; over F, that is, is not the group of all automorphisms o(d) with d 
an arbitrary complex number, but is merely an abundant subgroup thereof. 
Finally, there exists an automorphism oe @ such that of, CF, (for 
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example o ~o(0,1,1,1,1)), so that G(¥.) is not a normal subgroup of 
@; nevertheless ¥, is a normal extension of ¥, as can be shown by the 
method used to prove that § is a normal extension of #. 


2. Strongly normal extensions. We make the following definition: 
% is said to be a strongly normal extension of ¥ if every isomorphism of % 
over F is strong. It is obvious that if & is strongly normal over # then % 
| is strongly normal over every differential field between F¥ and §. 


Proposition 1. A necessary and sufficient condition that & be a 
strongly normal extension of F is that x§ CH<*> for every isolated 
isomorphism x of & over #. 


Proof. That the condition is necessary is obvious; suppose then that 
the condition is satisfied. The differential field x, isomorphic with 9, 
also must have this property, so that § =y"(x%) C (x9)<6*>, and x is 
strong. It follows (Chapter IT, Propositions 2 and 5) that every isomorphism 


of & over F is strong, so that § is strongly normal over §. 


Proposition 2. If & is strongly normal over F then & is normal 


over &. 


Proof. Let #, be a differential field between F and Y, and let a be an 
element of Y not in ¥,. There exists an isomorphism o of 9 over ¥, such 
that oa — a0, and by hypothesis o is strong. By Corollary 2 to Pro- 
position 9 of Chapter II there exists an automorphism +r of & over F, 
which is a specialization of o such that r~—aA0. Therefore % is normal 


over 


That & can be normal over ¥ withqut being strongly normal over # 
is shown by the example of § 1; using the notation of that example we easily 
see that for each complex number d there exists a unique isomorphism o of 
over F such that cx d, ce™ = etet, ceit — eideit, ger” — ePerdrer’ 
and it is obvious that if 2d is not a gaussian integer then e47¢% 
= F# <a, so that ¥<Bo> = Y, whence is not strongly 


normal over 


Proposition 3. If & is a strongly normal extension of F then the 
group of all automorphisms of & over F is algebraic. 


Proof. By Proposition 1 of Chapter II there exists a finite number of 
isomorphisms +, x, of & over such that every isomorphism of 
over & is a specialization of one of these; by hypothesis y; is strong and is 
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therefore a generic element of an irreducible set Yt; of automorphisms of § 
over ¥. The group of all automorphisms of § over F is LJ Mt and there- 
fore is algebraic. 


8. The fundamental theorems. Whenever § is strongly normal over F 
we shall denote the group of all automorphisms of & over # by ©, and for 
each intermediate differential field ¥, we shall denote the group of all auto- 
morphisms of over #; by G(F:). 


THeorEeM 2. If § is strongly normal over J, then the mapping 
F:1—@G(F,) is one-to-one from the set of all differential fields between 
F and & onto the set of all algebraic groups in &, and has the property 
that dim = #°9/F:. 


Proof. By Proposition 2 and Theorem 1 the mapping is one-to-one, and 
by Proposition 3 G(¥#,) is algebraic; a generic element of a component of 
(#,) is an isolated isomorphism of 9 over ¥, whence (Chapter II, Pro- 
position 2) dim G©(F,) = 0°4/F,. It remains to prove the mapping is onto. 
To this end let G, be any algebraic group in G, and let ¥, be the differential 
field of invariants of &,; we shall show that ©, = G(#.), thereby proving 
that ©, is algebraic and completing the proof of the theorem. Now, it is 
obvious that ©, C G(F,). Suppose that 6, ~ G(F1). Then, if ,--- ,m 
are elements such that = there exists a differential poly- 
nomial in Y{y,,- - -, Yn} which vanishes at 


for every oe€ &, but not for every oc G(¥F,); of all such differential poly- 
nomials let F be one with a minimal number of terms, and assume without 
loss of generality that one of the coefficients in F is 1. Let 7 be any element 
of @, and let F, be the differential polynomial obtained when each coefficient 
¢ in F is replaced by r¢. Then 


F,(om,* = TF +, = 0 


for every so that —F, vanishes at (4) for every oe Now 
F — F, has fewer terms than F has, so that  — F,; must vanish at (4) for 
every ce G(F,). If F—F, were not 0 there would exist an element ye J 
such that F — y(F — F,) has fewer terms than F has; but F — y(F — F,) 
obviously vanishes at (4) for every oe G, but not for every oe G(F:), and 
therefore can not have fewer terms that F has. It follows that F —F, = 0. 
Since this is true for every +e ©,, each coefficient in F belongs to F;. From 
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this it follows that F' vanishes at (4) for every oe G@(F:1). This contradiction 
proves that ©, = G(F,), and completes the proof of the theorem. 


THEOREM 3. If & is strongly normal over F, F, is a differential field 
between F and Y, and o, is an isomorphism of F, over F into Y, then there 
exists an automorphism oe & which is an extension of oy. 


Proof. o, can be extended to an isomorphism o’ of 9 over ¥. By 
Corollary 2 to Proposition 9 of Chapter II there exist an automorphism o 
of & which is a specialization of o’ and which therefore coincides with o, 


on 


TueroreM 4. Let & be a strongly normal extension of F and let F, 
be a differential field between F¥ and &. Then the following five conditions 
are equivalent. 1) $F, is strongly normal over ¥; 2) F, is normal over F ; 
3) is weakly normal over ¥; 4) of, CF, for every G; 5) G(A:1) 
is a normal subgroup of ©. When these conditions are satisfied then the 
mapping, which to each oe & assigns the restriction of o to F;, is a homo- 
morphism with kernel G(F,) of G onto the group of all automorphisms of 
F, over F. 


Proof. We already know that 1) implies 2) and that 2) implies 3) ; 
also, by Theorem 1, 4) is equivalent to 5). To prove the equivalence of the 
five conditions it suffices to show that 3) implies 5) and that 4) implies 1). 
To settle the first point suppose that G(#,) is not a normal subgroup of &, 
so that the normalisor N(@(¥.:)) #~@; by Proposition 17 of Chapter II, 
N(G(,)) is an algebraic group in G, so that by Theorem 2 there exists a 
differential field between and F¥, with F, such that N(G(F,) ) 
= G(F.,). Let « be any element of F, not in ¥. If o, is any automorphism 
of ¥, over F¥ then (Theorem 3) o, can be extended to an automorphism 
ce @®; since cf; we see that for every 
and every re that is so that ora e G(F,), whence 
oe N(G(F,)) =G(F.). Therefore o,4 =a, that is, every automor- 
phism of #, over F leaves « invariant, so that F¥, is not weakly normal over 
JF. Thus, if ¥, is weakly normal over J then G(¥,) is a normal subgroup 
of 6. 

To settle the second point, suppose that ¥, is not strongly normal over . 
Then (Proposition 1) there exists an isomorphism o, of ¥, over ¥ such 
that o,F, C F,<@*>, and o, can be extended to an isomorphism o of § 
over ¥. Let 6 be an element of o,%; —oF, which does not belong to 
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F.<6*>. We claim there exists a re G(F,1) such that 796. Indeed, 
since Oecd, C = we may write 


g-1 


i=0 
where B, As. are polynomials in - -,u,] without common 
divisor, one of the coeflicients in B is 1, ¢,, are elements of 
algebraically independent over @ (and hence over %), and d is an element 
of which is algebraic of some degree s over If re 


has the property that 76 = 6 then, 


g-1 
> (Bs Gr) C1, Cr) — B( cr, - +, Cr) (C1, +, Cr) ) 0 


i=v 
(where in general for any polynomial C we denote by C, the polynomial 
obtained upon replacing each coefficient in C by its image under +), whence 
B,A; = (0S t1Ss—1). Because B, Ao,- +, As+. have no common 
divisor and one of the coefficients in B is 1, it follows that B; = B, Aj; = A; 
(0<iss—1). Therefore if 6 were invariant under every ze G(¥,) then 
so would every coefficient in B and each Aj, and these coefficients would all 
belong to #,, contradicting the fact that 6¢ ¥,<@*>. This establishes our 
claim that for some re G(F1) we have 7098. 

Now so that there exists an element fe such that = ot. 
For this and the above + we have 7of ~ of. By Chapter II, Proposition 9, 
there exists an automorphism o, of § which is a specialization of o for 
which Ao. Since G(F,) this means that oof F, and since 
fe, this shows that oof; 4 ¥,. We have thus shown that if ¥, is not 
strongly normal over ¥ then oof, CL F, for some oe &, so that 4) implies 
1). This completes the proof that the five conditions are equivalent. 

When these conditions are satisfied then (Theorem 1) the mapping 
which to each automorphism in @ assigns its restriction to ¥, is a homo- 
morphism with kernel G(#,) of G into the group of all automorphisms of 
J, over F. That this homomorphism is onto follows from Theorem 3. 

Cornottary. If & and & are strongly normal extension of F such that 
the field of constants of is B, then F<G,H> and are 
strongly normal over 

Proof. Let o be any isomorphism of #<&, M> over F ; the restrictions 
of o to § and to & are isomorphisms of 9 and of 9f over § and, since 
§ and # are strongly normal over ¥, we have 

a(F<§, H>) = 

HK = H><B*. 


& 
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Therefore (Proposition 1) ¥<%, H> is strongly normal over ¥. Now let + 
be any automorphism of F<9, H> over F. Since ¥ and & are both strongly 
normal over ¥ we see by Theorem 4 that 79 CY and -# C H, whence 
7(9 &#) CY H,s0 that (Theorem 4) § N # is strongly normal over #. 


TuHeorEM 5. Let m bea set of elements such that the field of constants of 
Scm> is B, let F* = F<my and Ht = H<m), and denote the group of all 
automorphisms of &* over F* by Gi. If & is strongly normal over F then 
G+ is strongly normal over F¥*+, and the mapping which to each oie OT 
assigns the restriction o of ot to & is an isomorphism of ®t onto G(F7N G) 
which maps every algebraic group Mt in Gi onto an algebraic group M in 
& of the same dimension; if Mit is irreducible then so is Me. 


Proof. Let p* be any isomorphism of 9* over ¥* and let p be the 
restriction of pt to §. Then p is an isomorphism of % over #, and 


it follows (Proposition 1) that &%7 is strongly normal over ¥*, and also 
(Corollary 5 to Proposition 3 of Chapter 1) that the field of constants of 
is Bp. 

The mapping ot co is obviously a homomorphism of G7 into G. If o 
is the identity automorphism of % then o7 is obviously the identity auto- 
morphism of @*; therefore this homomorphism is an isomorphism of ®t 
onto some subgroup ©, of &. An element «e Y is invariant under every 
oe @,, that is under every ot c Gi, if and only if ae Fi; it follows that 
G(F* OG) is the smallest algebraic group in G containing @,, and there- 
fore (Chapter II, Proposition 14) also the smallest algebraic set containg @,. 

Now let Mt be any irreducible set in G7, let pt be a generic element 
of Mt, and let p be the restriction of pi to ¥. Let Mt be the set of ali 
restrictions to & of elements of tt, and let M, be the irreducible set in & 
with generic element p. Because every element of Mi is a specialization of pi, 


every element of is a specialization of p, so that CM. If 
are constants such that @p = °°; 7q> then, by Proposition 9 of 
Chapter IIT and the fact that the field of constants of Bi<pi Ht is Bp, we 
know that there exists a polynomial Me with M(y.,- y¢) 
~ 0 such that whenever c,,- -,¢, are constants with M(¢,,- - -,¢g) #0 
then there exists a unique isomorphism zi of 9 over ¥* for which 
aeGt, is a specialization of ((pta) +, over 
S*. But it is easy to see that if ms’ * *;7%n are elements of & such 


that = then there exists a differential polynomial 
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Ke -,yn} with K(pm,---, pyn) #0 which has the following 
property: whenever + is an isomorphism of % over ¥ which is a speciali- 
zation of p with #0 then there exist unique constants 
Cg With M(c,,- -+,¢g) #O such that ((ra@)acG, **,Cg) 18 a 
specialization of ((p%)aeG,yi,;°°*;yq) over Y. It follows that every 
specialization + of p such that K(rm,- - -,7yn) 40 is the restriction to § 
of a specialization 7+ of pi, and that 7+ is an automorphism of 9f if 7 is an 
automorphism of 8. From this it is not difficult to conclude that Mt, —M 
is contained in a finite union of irreducible sets in © of lower dimension 
that 

Suppose now that, in addition to being an irreducible set in Gi, Mii 
is also a group; then Mt is a group in ©. If we let 9 denote the intersection 
of all the algebraic sets in @ which contain M then MCRCM. By 
Chapter I, Proposition 14, 9t is an algebraic group. Also, the irreducible 
set Mt, is the union of 9 and a finite union of irreducible sets of lower 
dimension than Mo, so that Dtp = MN, Mt, is an algebraic group in @, and 
(Chapter II, Proposition 15) Mt,p—Mt. Therefore Yt is an irreducible 
algebraic group in © of dimension 

= <pG>/4 =0' b p/h = dim Mt. 

Thus every irreducible algebraic group in G7 is mapped onto an irre- 
ducible algebraic group in & of the same dimension. Since every algebraic 
group is the union of the finite number of cosets of its component of the 


identity, a similar remark holds for not necessarily irreducible algebraic 
groups. In particular, the image of G is 6, = 


Corotiary. Let & be strongly normal over F, and let Yo, +, 
be differential fields such that 


J=$,C§,C- ‘C$,38CS,, 


and %, is a strongly normal extension of $i. (1 Sir); denote the group 
of all automorphisms of 9; over by G@ (1 Sisr). Then 


is a normal chain of subgroups of ©, Gi(9iN <i») is a normal sub- 
group of &, and for 1—1,2,---,r 


(6) $)= G6/Gi( <8»), 
(7) dim 6 (9.9 —dim G) 
= dim — dim 9<Gi.)). 
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Proof. If r=1 the assertions follow immediately from Theorem 4. 
Let * > 1 and suppose the corollary proved for lower values of r. 


By the corollary to Theorem 4, 9, § is strongly normal over # so 
that (Theorem 4) G($:9 9) is a normal subgroup 6 = G6(9,N G) and 
6.(919%) is a normal subgroup of ©&,. The two factor groups 
6/6(9:N%) and 6,/G:(4:9 4) are isomorphic to the group of all 
automorphisms of 9, & over &, and therefore to each other, so that (6) 
holds for 11. By Theorem 2, also (7%) holds for 11, as in that case 
both members equal 0°(9,9 &)/. 

To complete the proof we consider the group 7 of all automorphisms 
of &<G,> over = By the theorem is strongly normal 
over §,. By the corollary (case r— 1) 


is a normal chain of subgroups of G*, G;(9;9 9<9:.>) is a normal sub- 
group of ©; (2 Sir), and 

(910 KG.) = G/Gi(GiN &<GiLd), 
dim — dim 9<G,)) 
= dim — dim (9i1N 

for t= 2,---,r. By the theorem, the mapping of which assigns to 


each of the restriction of of to & is a dimension-preserving iso- 
morphism which maps the normal chain (8) onto the normal chain 


It now quickly follows that (6) and (7) hold for 2=i<r7, and the proof 
of the corollary is complete. 


4, Primitive elements. An element « will be called primitive over F 
if §e¢eF (1[ism). It is obvious that if a is primitive over ¥ with 
= a, (1 =m), and if B is primitive over F with 6,8 
and if we set 7» then is primitive over ¥ with —a,+ 
(lStSm). 

Let « be primitive over ¥ and suppose that the field of constants of 
F<a> is @. For every isomorphism o of F<a> over F 


— a) = — = — dia 0 


(1<i<m 
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so that —oa—a is a constant. Because ca —a+c(c) is 
strongly normal over ¥ and every isomorphism of #<a> over ¥ is strong. 
If 01, 2 are two isomorphisms of ¥<a> over F then 


¢(o2)) = c(01) + 


so that c(o,02) =c(oi) + c(o2). Since c(o) only when o is the 
identity automorphism « of #¥<a>, it follows that o—>c(oc) is an iso- 
morphism of the group of all automorphisms of #<a> over F into @+ (the 
additive group of @). If ae the automorphism group consists solely of ., 
and the corresponding group in @+ is the zero group. Suppose af #. Then 
there exists an automorphism o of F#<a> over F different from ., and there- 
fore with c(c) ~0. Now if ¢ is a constant then «+c is a generic 
specialization of a over F if and only if a+ is a specialization of « 
over #, that is if and only if «+ ¢ is a zero of every differential polynomial 
in #{y} which vanishes at a, and this takes place if and only if ¢ is a zero 
of a certain ideal of polynomials in @[u]. Since this ideal of polynomials 
has infinitely many zeros, namely c(o”) = nc(o) for every integer n, it is 
the zero ideal, so that «+c is a generic specialization of « over # and 
c= (oc) for a suitable isomorphism o of F¥<a> over F for every constant c. 
Summarizing: Let a be primitive over F and the field of constants of F¥<a> 
be @. Then F#<a> is strongly normal over F; either ae F, or else «a is 
transcendental over ¥ and the mapping c—0oa—~a is an tsomorphism of 
the group of all automorphisms of F<a> over F onto Bt and there exists 
no differential field between F and F<x> other than F and F<a>. 

We note the trivial fact that, with the law of composition (¢,, ¢2)—>¢, + Cs, 
one-dimensional affine space becomes a group variety D in the sense of Weil 
[10], and that @* is the subgroup of D consisting of all points of D which 


are rational over @. 


5. Exponential elements. An element @ will be called exponential 
over F if «40 and ot8aeF (1Sixm). It is obvious that if @ is 
exponential over ¥ with —a;(1SiSm), and if B is exponential 
over with (1 Sim), and if we set 7» the is expo- 
nential over with 

Let « be exponential over ¥ and suppose that the field of constants of 
F<a> is 4. For every isomorphism o of ¥<a> over F 


= a? (a+ — oa: 
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so that c(o) = aoa is a constant. Because oa c(o)a, is strongly 
normal over ¥ and every isomorphism of #<2> over F is strong. If a, oz 
are two isomorphism of #<a> over F then 


0102% = 01 (C(o2)) C(a1)C(o2)%, 


so that c(oi02) = c(01)¢(o2). Since c(o) =1 only when o ~,, it follows 
that ¢ > c(c) is an isomorphism of the group of all automorphisms of #<a> 
over # into @* (the multiplicative group of nonzero elements of @). If « 
is algebraic over ¥ then the automorphism group is finite, say of order d; 
since every finite subgroup of @% is cyclic the automorphism group is cyclic, 
being generated by a single automorphism, say o. It follows that c(c) is a 
primitive d-th root of unity, so that o(a*) = (c(o)a«)¢ whence ate 
If « is transcendental over # then the automorphism group is infinite, and 
it follows, much as in the case of primitive elements, that ca is a generic 
specialization of « over & for every nonzero constant c, so that o—>c(e) is 
an isomorphism of the automorphism group of #<a> over F onto &%; 
furthermore, if ¥, is a differential field between F and ¥<a> then, since « 
is exponential over ¥,, the mapping o—>c(oc) maps the group of all auto- 
morphisms of #<a> over F, either onto a cyclic group of some finite order d 
(in which case a? e F,, whence ¥, = F<») or else onto the whole group 
4% (in which case $, =F). Summarizing: Let a be exponential over F 
and the field of constants of #¥<a> be B. Then F<a> is strongly normal 
over #3; either there exists an integer d>0O such that ate ¥, or else a is 
transcendental over F and the mapping o— aoa is an isomorphism of the 
group of all automorphisms of #<a> over F onto BX and the only differential 
fields between F and F<a> are those of the form F<a*y, where d is an 
integer = 0. 

We note the trivial fact that, with the law of composition (¢, ¢2) > ¢,¢:, 
one-dimensional affine space with the origin deleted becomes a group variety 
E, and that @* is the subgroup of E consisting of all points of E which are 
rational over @. 


6. Weierstrassian elements. An element « will be called weterstrassian 
over F if a is not a constant and there exist two elements g., g;¢ @ with 
2793" — and m elements such that 


= (40% — — gs) (1Si=m). 


The condition 279,?— g.* 40 is equivalent to the condition that the poly- 


nomial 4y? — g.y —g, have no multiple root; the constants g2, g2, which are 
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uniquely determined if is transcendental over F, will be called the invariants 


of a Since any a; may obviously be replaced by — a we may suppose 
(and in the future we always shall suppose, without expressly mentioning the 
fact) that (80:- -:8ma) = Am). 


In order to study weierstrassian elements with invariants g2,g3; we con- 
sider the irreducible algebraic curve in the projective plane defined by the 
equation 

X — + + = 0. 


This curve, which is of genus 1, has precisely one point on the line at infinity 
X, = 0, namely the point (0:0:1). On this curve there exists a law of 
composition, which we shall write multiplicatively, with respect to which the 
points of the curve form a group, the unity element being the point of 
infinity ; the curve is, in the language of Weil [10], a group variety (actually 
an abelian variety) of dimension 1. If (1: :&) and (1:m:2) are two 
points of this curve and if », ~ é,, then their product is given by the formulae 


(1:81: &) (1: mine) = (1:4: 6), 
(9) J 


fo = +m) +3(& +m) > 
| 


\ 


the inverse of any point (1:&,:é) of the curve is the point (1: &:— &), so 
that there are precisely three points of order 2, namely the points (1: e,:0), 
(1:¢.:0), (1:e3:0), where e,, are the roots of 4y*— g.y—gs; the 
square of any point (1:é,:é) with 0 is given by the formulae 


(1: : &)? = 
(10) — 28, + 47 (66° — 492) 


= — & + 36, (66,7 — (6&,? = 492) 


These facts are well-known and are not difficult to verify directly. We shall 
denote this group variety by W gs). 

If a is weierstrassian over with (8)? — g.a—g;) 
(1 =i=™m) then, since ¢@ is not a constant, 5:40 for at least one value 
of and a; 0 whenever By the convention made above, the point 
(1: a:a;78;) does not depend on the choice of i from among those values 
for which a; 0; this point obviously belongs to W (go, gs). 
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LemMMA 2. Let a be weierstrassian over ¥ with 
(5;a)* = (4a — goa — gs) 


and a4, 0, let B be weierstrassian over F with 


(3,8) = (48° — 928 — gs) (1StSm) 


and b;,740, suppose that 


(1: a: (1: B: b;,78;,8) (0:0:1), 
and let 

(1: (1: B: == (1:9: 
Then 8m = (4: + 0:)€ (1 SisSm), so that either y and € are both constants 
or else y is weierstrassian over F with 


(8i)* = (a4 + — gon — Qs) (1S1Sm). 


Proof. Suppose first that «4 8. Then by (9) and a simple computation 
we find that 


(11) €— B)*(— B?(3a + B) + 492(% + 38) + gs) dig 
+ (%— B)*(a? (a + 8B) — + B) — gs) 
On the other hand 
= *8;,%, 5:8 = 
(dig (6a? — (bj. = (68° — bi, 
so that from (9) we find that 


a—B 
(dig — Bj.8jo8) (81% — ) 
(a— Bp)? ) 


=— Aji, bib;, *8;,8 
Dig — D5, (62° — 3g2)ai— (68° — $92) bi 
a—B 
The coefficient of a; here is easily seen to be the second member of (11), 
and likewise for the coefficient of 6; here. It follows that dim = (a; + Di)é. 
Now suppose that a= 8. Because by hypothesis 


(1: a: a4,-15;,%) (1: B: (0: 0:1), 


ts 
sé 
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we have 4=b;(1 Sim). Therefore (10) is applicable in computing 
(1::£), and we find on the one hand 


— aj, 18;,% + 3a (6a? — $92) (ai, 78;,%) 
— 4(6a? — 
= (—1 + 3a(6a’ — $92) — goa — 
— 4 — — goa gs)~*) dig 
and on the other hand 


2a + 4 (Ga? — 


92% — Js)”, 


so that 
= (— 2 + 6a (6a? — $92) (4a — — 
— 4 (6a? — 4g2)°(4a° — gua — 
whence $7 = = (a4 + q.e.d. 
Now let a be an element which is weierstrassian over ¥ with 


(8:0)? = (4a? — goa — gs) 


and suppose that the field of constants of #<a> is @. We let i) denote any 
subscript such that a,40. For any isomorphism o of ¥<a> over #, 


(1: 0a: a;,78;,0%) (1: — aj,-78;,«) 


= (1:00: aj, (1: @: 


is a point of the group variety W(g2, gs) ; we denote this point by P(oc). If 
=. then obviously = (0:0:1). Suppose then P(c) (0:0: 1), 
and we may write P(c) = (1:¢:(¢):¢2(o)). It follows from Lemma 2 
that = (a; = 0 (1 Sim), so that c,(c) and, therefore, 
c.(a) are constants. Therefore for every isomorphism o of ¥<a> over F 


we have 
(1: 0a: aj,78;,0%) = P(o) (1: @: 


and oa F<a><6*>,so that F<a> is strongly normal over F and a is strong. 
If o:,02 are two isomorphisms of #<a> over F then 
(1 Aj, *8;,0102% ) 
= P(o2) (1: 01%: = P(o2)P (01) (1: @: 


so that P(o,02) = P(o,)P(o2). Since P(o) = (0:0:1) only when o =,, it 
follows that o > P(c) is an isomorphism of the group of all automorphisms 


GQ 


807 


GALOIS THEORY OF DIFFERENTIAL FIELDS. 


of F¥<a> over F into the group W(g2,g3; 6) consisting of all points of 
W (92,93) which are rational over @. 

Let be any two constants such that (1:¢,:¢:) W(g2,g3) and set 
(1:8: = (1:6: ¢2) (1: Now if (8, 8’) is a specialization 
of (a, ai,78;,%) over F then the specialization is generic, and this will be 
the case if and only if B = oa, = a;,-18;,0% for some isomorphism o of # <a> 
over that is, if and only if (1:¢:: cz) = P(e) for some such o. On the 
other hand (8, 8’) is a specialization of (a, a;,18,«) over ¥ if and only if 
(c,,¢2) is a zero of a certain set of polynomials with coeflicients in # <a), 
and therefore if and only if (c;,¢2) is a zero of a certain set of polynomials 
with coefficients in @. It follows that so > P(o) maps the group of all auto- 
morphisms of ¥<a> over ¥ onto the intersection with W(g2, 93; 4) of a 
subgroup of W (gs, g;) which is a subvariety (not necessarily irreducible) of 
W (g2, 93). Of course the subvarieties of an irreducible curve other than the 
curve itself are finite. 

We may summarize these facts as follows: Let « be weierstrassian over F 
and the field of constants of F<a> be B. Then ¥<a> is strongly normal 
over J ; either a is algebraic over F and the mapping 


(1: %: 0%: aj, 78,00) 


is an isomorphism of the group of all automorphisms of F¥<a> over F onto 
a finite subgroup of W(g2, 93; 6), or else a is transcendental over F and 
this mapping is an isomorphism onto W(gs,93; 4). It can be shown, 
although we do not do so here, that if ¥, is a differential field between F 
and #<a> other than ¥ then ¥, contains an element a, weierstrassian over 


F such that F, = F <a>. 


7. Picard-Vessiot extensions. Let % be a Picard-Vessiot extension of 
J. Then (Kolchin [3] and [6]), for suitable generators m,:°--°,7n of & 
over #, every isomorphism o of Y over F satisfies equations 


(12) = (l=jSn), 


where each cj;(o) is a constant, and these equations establish a one-to-one 
correspondence between the set of all isomorphisms o of & over # and a 
certain set of invertible matrices (c¢i(c)) of degree n with constant coordinates. 
It follows that & is strongly normal over ¥, and each isomorphism of % 
over # is strong. The mapping «— (¢(c)) is an isomorphism of the 
algebraic group @ of all automorphisms of 8 over ¥ onto a certain algebraic 
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matric group Gy over €@; algebraic subgroups of © are mapped thereby onto 
algebraic subgroups of Gy of the same dimension. If o,7 are isomorphisms 
of & over F then + is a specialization of o if and only if (cij(r)) is a 
specialization of (c¢;(o)) over @. 

We shall say that a differential field 9f is an extension of # by algebraic, 
primitive, exponential and weierstrassian elements if # contains a finite 
family of elements - -, a, such that H = F<a,,- +, a> and for each i 
(117) % is either algebraic, or primitive, or exponential, or weierstrassian 
over +, If and for each (1 
a; is either algebraic, or primitive, or exponential over -, and 
if the field of constants of & is @, then & is called a liouvillian extension 


of F. 


THEOREM 6. If a Picard-Vessiot extension of F is contained in an 
extension of F by algebraic, primitive, exponential, and weierstrassian elements 
with field of constants @,* then the Picard-Vessiot extension is a liouvillian 
extension of F. 


Proof. By the hypothesis, the results of the preceding three sections, 
and the corollary to Theorem 5, the group of all automorphisms of the Picard- 
Vessiot extension of ¥ has a normal chain of algebraic subgroups in which 
each factor group is either finite or abelian. Therefore (Kolehin [3], § 8, 
Theorem 1) the component of the identity of this group of automorphisms 
is solvable. It follows that the Picard-Vessiot extension is a liouvillian 


extension. 


8. Extensions of transcendence degree 1; formulation of the theorem. 
In §§ 4-6 we saw that if « is transcendental and either primitive or expo- 
nential or weierstrassian over ¥, and if the field of constants of F¥<a> is 6, 
then #<a> is a strongly normal extension of F¥ of transcendence degree 1. 
We shall now state a theorem which implies that every strongly normal 
(indeed, every weakly normal) extension of ¥ of transcendence degree 1 can 
be obtained by combining the adjunction of an element of one of these three 
types with algebraic adjunctions. 

Let & be a weakly normal extension of ¥. It is a simple matter to see 
that the relative algebraic closure ¥° of F in Y is a normal algebraic exten- 
sion of ¥ (in the classical sense) of finite degree. If the group & of all 
automorphisms of § over F is finite then 9 — F°; therefore if 9 is trans- 


® By considerations similar to those of Kolchin [4] it can be shown that this restric- 
tion on the field of constants of the extension may be omitted. 
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cendental over ¥ then & is infinite, and it easily follows that the group ° 
of all automorphisms of % over ¥° is infinite. We therefore may state our 


theorem in the following form. 


TuHeroreM 7. Let & be of transcendence degree 1 over F, let F be 
relatively algebraically closed in &, and let the group © of all automorphisms 
of & over F be infinite. Then there exists an element ae & such that etther 
a is primitive over F and § = F<a>, or « is exponential over F and 
¥ = F<, or « is weierstrassian over F and Y| is an algebraic® extension 


of F<a>. In the last case, if F is algebraically closed then the weierstrassian 
element a may be chosen so that & = F<a>. 


This theorem will be proved in §§ 9-11. 
An immediate consequence of Theorem 7, the results of §§ 4-6, and the 
Corollary of Theorem 5, is the following. 


Corottary. Let & be any strongly normal extension of ¥. If & is 
contained in an extension of F by algebraic, primitive, exponential, and 
weierstrassian elements then the group & of all automorphisms of & over F 
has a normal chain © = © ~- - -D Gs = {1} of algebraic groups such that 
dim G@_, —dim @ =1(1SiSs). Conversely, if © has such a normal 
chain then & is itself an extension of F# by algebraic, primitive, exponential, 
and weverstrassian elements. 


9. The proof begun: reduction to the case of algebraically closed 
ground field. We shall show in this section that if Theorem 7 holds when 
¢ is algebraically closed then it holds in general. 

Let #7 be the algebraic closure of ¥ and let i= YcFt>. Since F is 
relatively algebraically closed in &, the degree of each element of Ft over F 
equals its degree over §. Now every Pe Fi{y,,- - -, yn} can be written in 


d-1 
the form P = Pid‘, where each -, yn} and is an element 


i=0 
of ¥* of some degree d over F, and therefore over ¥. Consequently a family 
(m,° * *,%) of elements of & is a zero of P if and only if it is a zero of 
Po, P:,: +, Pas. From this it follows that every automorphism of over 


# can be extended to an automorphism of &+ over #7. From the hypothesis 
of Theorem 7 it therefore follows that there are infinitely many automorphisms 
of &t over Fi. By the assumption that the theorem holds when the ground 


® Abelian. 


10 


0 
e 
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field is algebraically closed we conclude that there exists an element y such 
that Gi = Fi<n> and 7 is either primitive or exponential or weierstrassian 
over Thus there exist elements a,,- -,@me such that either dm = a; 
(l1SisSm) or (1SiS™m) or — gon — (8m)? = a7? 
(1=i=™m), where in the last case go,g;¢ 6, and 

Let o be any automorphism of 97 over ¥7* other than the identity. We 
may write, in the respective cases, on = 9 + € or on = Cy or (1: 07: a; *8i07) 
= (1:¢,:¢) (1:7: a;*8m), where in the first case ce 6+, in the second case 
ce @*, and in the third case (1: ¢,:¢:) W(g2, 93; 6) anda; 0. Now let 
t be any automorphism of 87 over Y. It is clear that r#* — Fi; therefore 
o19 = 70 = 706 for all 6c F*. If o happens to be one of the infinitely many 
automorphisms of 9* over ¥* which are extensions of automorphisms of § 
over then for every whence, since = 
or Because = Fit<y> we may write (yn), where fe Ficy), 
and for arbitrary o we shall have or —v7o if and only if ory = ren, that is 
f(y +c) =f(») in the first case, f(cy) —cf(y) in the second case, and 


—C2\? 78; n) 


in the third case. Since this condition is satisfied for infinitely many 
choices of ce @+ in the first case, of ce @* in the second case, and of 
(1:¢,:¢:) W(g2, 93; @) in the third case, it must be satisfied identically. 
Thus o commutes with every automorphism of §* over §. 

Let *,7 be automorphisms of §* over such that the restric- 
tions of 71,° to are distinct and constitute the set of all iso- 
morphisms of 9<y> over & (so that n equals the degree of 4<m> over G). 
Since or; = we have, in the respective cases, orjn = ty + ¢, OF = 
or 

(1: orm: = (1: C1: Co) (1: 7; ). 


We now consider the first case. Letting «= Si rm, we see that ae 9; 


also, so that « is primitive Furthermore, 
J 
oa—=atne, so that «¢ Ft; it follows ($4) that Ficn> = Fico. 
If is any element of 9 then we may write 0 = > wia', where 
and § wy? are relatively prime polynomials in ¥*[y] such that the leading 
coefficient in is 1. For any automorphism of over we 
have and so that rat = whence 
(S (S = gia?) (S Because of the relative primeness 
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mentioned above and the fact that } yy? has leading coefficient 1 we conclude 
that = and S = Wat, so that and Wi 
for all i. Since + is any automorphism of 97 over § it follows that ¢; and 
belong to N F* =F, so that Oe F<a>. Thus and the 
reduction is complete in the first case. 

We turn to the second case. We assert that there exist an integer 
r>0O and a nonzero element get such that (¢7)"e%. Indeed, 
o [1 rm =" [I rp, so that if we set y = 7” [] ry then ox = x, whence xe F7; 
letting y be an element of ¥* such that y" = x, we find that (¥)" = [I te G, 
which proves our assertion. Of all pairs 7, ¢ as above let us suppose we have 
chosen one for which r is as small as possible. Let «= (d7)", so that ae G ; 
is exponential over #1, so that =F (1Si=™m), whence 
a is exponential over #. We shall show that § = ¥<a), thereby completing 
the reduction in the second case. Indeed, if 6 is any element of 9 then 
be Yt = Ficnd = Fi<dm>, so that we may write 06 = ¢i(¢n)*/D vildn)', 
where > dy‘ and > wy‘ are relatively prime polynomials in Ft[y] and one 
of the coefficients do, Wo is 1. Since (¢y)"e Y, for any automorphism 7 of 
Si over & we may write +(¢7) = edy where e is some r-th root of 1. As 
relative primeness mentioned above and the fact that o or yo is 1, we con- 
thi = Chi, Ti = C4. Consider any value of 7 which is not divisible by 7; 
writing 1 = qr + 7”, where 0 < 1’ <1, we find that r(i(dy)”) = e-*hie”’(bn)” 
= ¢i(¢n)”. Since 7 is any automorphism of 97 over & this implies that 
¢i(¢n)" Y. Letting ¢’ be an element of such that ¢’” — gid”, we see 
that (¢’)" 2%; because of the minimal nature of r and the relation 
09<r <r, we conclude that ¢’ —0, whence ¢;=0. Similarly for 
all + not divisible by 7. On the other hand, if 7 is divisible by r then 
Th; = = So that N F, and similarly, ye F. It follows 
that 06 F<(d7)"> = so that 

Finally we consider the third case. It is apparent that the point 
(1:9: a;*8im)" (1: of W(g2,9s) is invariant under 
Since o is any automorhpism of §7* over ¥* other than the identity, this 
point is rational over ¥*. Because Ft is algebraically closed and W (42, 9s) 
is a complete curve in the projective plane, this point can be written in the 
form P", where P is a point of W(g2,g:) which is rational over ¥*. For 
this P we have (1:7: = (1: 7m: 7;(ai*8m) ), which is clearly 
rational over Now 7 is transcendental over ¥+, so that (1: y: is 


h 

d 

) 

at 
ay 
is 
d 

yf 
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a generic point of the curve W(gs,g3) over #t; since P is rational over 
Fit (1:7: 4;%8m)P is also a generic point of W(g2,gs) over Fit, whence 
(1::a;%8)"P" is, too. Since the field of constants of 97 is clearly 
4, which is contained in #7, it follows from Lemma 2 (§6) that 
(1:4: a;%8m)"P" = (1:a:8), where a is weierstrassian over with 
invariants g2,g3. But by the above, a, Be Y, so that a is weierstrassian over 
3OFi =F. Also, « is transcendental over ¥, so that 9 is algebraic over 
<a>. This completes the reduction in the third and final case. 


10. The proof continued: case of genus 0. We assume now, in addi- 
tion to the hypothesis of Theorem 7, that ¥ is algebraically closed. Since § 
is of transcendence degree 1 over #, we may regard § as a field of algebraic 
functions of one variable over ¥ ; furthermore, every automorphism of the 
differential field § over ¥ is obviously an automorphism of the algebraic 
function field 8. It is a well-known theorem that if the genus of such an 
algebraic function field is greater than 1 then the group of its automorphisms 
is finite (for a proof in the general (abstract) case see Iwasawa and Tamagawa 
[%]). It follows that the algebraic function field 9 has genus 0 to 1. In 
the present section we treat the case of genus 0 and show that in this case 
there exists an element a, which is either primitive or exponential over #, 
such that § = F<a>. In the next section we shall treat the case of genus 1. 

Assuming then that § has genus 0, we see that 9 is a purely trans- 
cendental extension of F (see for example Chevalley [2], Chapter II, § 2), 
that is, that there exists a single element 6 transcendental over ¥ such that 


=F (6). Since for each i, there exist polynomials P,,- - -, Pn. 
Qe F[y] with Q ~0 such that 
(13) 5:6 = Q(0)"Pi(6), 


It is obvious that 6 is not a constant, so that P;~0 for at least one 
value of 7. If ce @ is not a zero of Q nor of any nonzero Pj, and if 
k == max(deg P,,- - -,deg Pm, deg Q), then Q(y) = and the 
nonzero expression P;(y) = —Pi(y*-+c¢c)y* are polynomials of degree k; 
but if we let 6=(@—c)-, so that § —F(6), then 36 
(1=i=m). Therefore we lose no generality in assuming that deg P; 
= 2-+degQ for all values of 1 such that P; 40; we assume too, as we 
obviously may, that P,,- -+,Pm,@Q have no common divisor and that the 
leading coefficient in Q is 1. We denote the degree of Q by d. 

Every automorphism of a simple transcendental extension is given by 
a fractional linear substitution. Therefore if o is any automorphism of the 
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differential field & over then there exist elements 411, 12, in F 


such that 
of = (210 + (4118 + diz), | | 


where | o | = 411422 — (2021. Applying o to each side of (13) we find 
(110 + (210 + (21840 + -- 

= Q((d210 + + + + » 
which we rewrite (using (13)) in the form 
(14) Q((a210 + + A12)) (219 + 22)? (| | P(0) + A;(0)Q(8)) 

= Q(0)Pi((d219 + + 
where 
(15) Ai{y) = — + — 

+ — A 29021) — 
It follows from (14) that for each 1 
+ doo) + (Gory + F | | Pif{y) 


is divisible by Q(y), whence the polynomial 


is so divisible. It follows that the fractional linear transformation 


permutes the zeros of Y. Since this must happen for each of the infinitely 
many automorphisms o of & over ¥, and since a fractional linear trans- 
formation is uniquely determined by its values at three points, Q can have 
no more than two distinct zeros. 

Supose Q has two distinct zeros &, &, so that Q = (y— &)*(y — é.)*, 
where h; + h2—d; we suppose for the sake of definiteness that h, < h.. 
For each o in the group of all automorphisms of 9 over # the transformation 
(16) permutes é,, &. The subgroup of all automorphisms o for which (16) 
leaves €, and & invariant is obviously of index 2, and is therefore infinite. 
For every o of this infinite subgroup we have (d21é; + dos)! (@11€; + G12) = &;, 
that is @e1€;? + (d22 — dy1)é; — = 0 (j = 1, 2), so that 


(17) (212 — — = (1:64+&:&é&). 


Q((dary + "(Airy + (dary + 
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Now because Q((d@21y + doz) + Giz)) (Gory + G22)? is divisible by Q(y) 
and obviously has the same degree as Q(y), the quotient of these two poly- 
nomials is in #; since Q(y) =(y—&)™(y—é.)*, an easy computation 
shows that this quotient is — — But 


so that 
Q((dary + (Airy + diz)) (dary + doz)? = | o + 
It follows from (14) that 
| o + Ay, o | P{y) + Aily)Q(y)) 
= + + + 


teplacing y by &; we find that 


| + = Pi(&) (Garé + 


Now, for at least one value of 1, Pi(é;) #0, for otherwise - -, Pm, Q 
would have the common factor y—é;. Therefore 


| |+2(— -|- — + Gs) 


Since the left member here is the same for both values of j, the same must be 
true for the right member, that is + == + so that 
+ doz = + Where is one of the (d + 2)-th roots of unity. 
But this equation and (17) together admit only a finite number of solutions 
(@112 G2: 21:22). This contradicts the infinite number of possibilities for 
a, and proves that Q can not have two distinct zeros. 

Suppose now that has precisely one zero If we set 06 =6—£, 
so that —§(6), then 86 —64(P\(6 + £) —8¢- 6%) =6-4P,(6), where 
Py) = + —Sé-y7; whenever P; 40 then P; and is of degree 
d+- 2; if P; = 0 then, choosing some j such that P; is not divisible by y—é 
and letting P;; denote the polynomial obtained by replacing each coefficient ¢ 
in P; by 8, we find that 


0 = 8(Q(6)"P\(6)) = = 

= = 8:((6 — £)-4P;(6)) 

— — d(6 — **((6 — &)*P,(0) — 
+ + P’(0)(6 — 

= d(0 — £) + (6 — £)-*Pi(8), 
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so that P; is divisible by y — whence = 0, and R; = 0. Therefore 
we lose no generality in assuming that Q = y*%. For every automorphism o 
of & over F the transformation (16) then leaves 0 invariant, so that a,. = 0, 
and 

Q((dory + + (dary + = = 
It follows from (14) that 


Replacing y by 0 here we find that 


But | o | = 40, and P,(0)~0 for some 1; therefore = 
whence dy2 = wii, where now yp is one of the (d + 1)-th roots of unity. By 
(15) we thus find that 


so that (18) becomes 
pP iy) — = dary + (Gar + 
Equating coefficients of y here we obtain 
(d + = P’(0)(u — 1). 


Since P;(0) 40 for some 1, and since we already know that a,.—0O and 
Mlz2 = pdii, this contradicts the fact that the number of automorphisms o 
is infinite. Therefore Q does not have a zero, so that QQ —1, and each P; 
which is different from 0 has degree 2. 

Thus we may write 


Pi = Pio + pay + py? F, pi2 AO if AO). 
From this an easy computation shows that 
= dipio + PioPir + + 2Pjopi2 + 
+ + + + 
Since 8,6; = 6,6; this implies that 
PjoPir = 8iPjo + PioPins 
(19) + 2pjoPi2 = Sipjr + 2PioPje, 
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Let o be any automorphism of 9 over F such that o.6 ~96. It is easy to 


verify that the conditions 
(Spi + = 8)(Spia + 


hold for all i and j. These conditions imply that the differential ideal 
[8:2 + (Apis + + (Apmi + pm20)z] in does not con- 
tain z and thus has a zero £, ~0; it is not difficult to see that we may take 
¢, so that the field of constants of ¥<{,> is @. Similarly, there exists a zero 
f. ~ 0 of the differential ideal 


[312 + (dpa + P1208) 2, + + Pm20 0) | 


in §<£,>{z} such that the field of constants of &<£,, £5 is @. For any pair 
6,, 6, of operators of the form 6,“- - -8,‘™ we write 


W 22) == 0121 O2%2 — 0021 0121. 
It is easy to verify that 
(20) (£1, £2) = (9 — 008), 
which is different from 0 for at least one value of 1, and that 
Wos,02( 2) (8 — 909) © F 


for every pair 6,, 6. of operators of order = 2. Therefore (Kolchin [6], § 3) 
H = F<L,, &> is a Picard-Vessiot extension of ¥. Of course § CH. 

We denote the group of all automorphisms of 9 over F by §. By the 
Picard-Vessiot theory (Kolchin [6]) each element +e may be identified 
with an element (bi) = (6ij) 1<j<. of an algebraic matric group over 


& by means of equations 
705 = + (j =1,2). 

Let « be any automorphism of 9 over ¥ distinct from the identity and o; 
o can (Kolchin [6], §3, Theorem 3) be extended to an element re &. 
Writing r= (bi;) we have 
0 = 70 = 7 (8, + (Spi + 

= + + Spin + + barge) 

= — + — bai(Spir + 

+ Spi + + bake) 
= pi2(o6 — + boi pio(oO — ; 


since det(b;;) #0 this implies that and &. 
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straightforward computation shows that =0 
(1Sis=™m), so that ¢,f.(@—o0) —ce @. From (20) we see at once 
that 2) = F, so that 


whence det(b;;) = 1 for all Also, = 8:( © so 
that 9, whence Since = — + pied), it 
follows that 25, so that & = #<L,7, 22>. Therefore 
PA/F =0°4/F =1, whence dim § 1. 

It follows that the component of the identity §° is reducible either to 
diagonal form or else to special triangular form, that is, there exist two 
linear combinations ,, w2 of £,, £, over @, which are linearly independent 
over constants, such that either for every te $° there exists a nonzero be @ 
for which ro; = bw;, = or else for every §° there exists a be 
for which TO) == TW. = bo, Wo. 

In the former case = oj for every re so that 780; 
is algebraic over # ; but 


and # is relatively algebraically closed in 9, so that w;18,0;e F, that is, w; is 
exponential over ¥. Therefore for every 7 in § there exists a nonzero be @ 
such that ro, = bw,, tos = bw. Consequently w,, is invariant under every 
re § and belongs to ¥, so that 


Setting —w,? we see that = ¥, so that a is exponential 
over and also that = 

In the latter case rw, wo, for every re 9°, so that o, is algebraic 
over F whence, since w,?© F<L,7, £o2> = we have w,2eF%. Since 
W156, = cpixe F, we also have so that 
= 0; 02) F. Therefore if we set then is primitive 
over and = F 102, = F 017%, 017025 = F <a>. 


This completes the treatment of the case of genus 0. 


11. The proof concluded. Case of genus 1. We consider now the 
remaining case in which § is algebraically closed and § is of genus 1. It is 
known (for example see Chevalley [2], Chapter IT, §3) that in this case 
there exist two elements a, 8 in § such that § = F(a, B) and B? = P(a), 
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where P is a cubic polynomial in ¥[y] which does not have a multiple root. 
Replacing «, 8 by suitable elements aa+b, cB(a,b,ce F), we lose no 
generality in supposing that 


(21) B? = 4a° — goa — gs, 


where g2.€ 6, gse and 2793” — g.* ~0. 
We shall prove that then g,e @, &§ = F<), and there exist elements 
Q1,°* *,Ame (not all 0) such that 


(22) (5:0)? = a? (4a — goa — gs), 


(so that a is weierstrassian over ¥). This will complete the proof of 
Theorem 7. 

We begin by observing that « is transcendental over ¥; since the field 
of constants of § is @, « is not a constant. If 8; —0 then (22) holds with 
a; be any index such that 40; in what follows we shall keep 1 
fixed, and for every element € of 9 we shall denote 8é by 2. 

Clearly there exist polynomials A, B,C e ¥[y], without common divisor 
and with the leading coefficient in C’ equal to 1, such that 


+ 
O(a) 


23) 


Applying 8; to both members of (21) we find that 28’ = (12a? — g.)a’ — q’; 
from this, (21), and (23) we obtain 


(24) (12@? — g2)(4a° — goa — g3)B(a) + ((12a? — g.)A(a) — g’,C(a))B 
20(a)(4a® — ga — ga) 


Now (1:a:£8) is a point of the group variety W(g2,9,) defined in § 6. 
Since there exist infinitely many automorphisms over ¥ of the differential 
field §, there exist infinitely many such automorphisms o such that 


(25) (1: 0%:08) = (1:a:6)(1:4:8), 
where a,be and (1:a:b) W (gs, gs),?° that is, such that 


1° This follows from the known fact that, in the group of all automorphisms of the 
algebraic function field G, the subgroup of those automorphisms for which an equation 
of the form (25) holds is of finite index. To see this observe that this subgroup acts 
transitively on the set of all places of the function field G, and that there exists a place 
p at which a has a pole of order 2 and £ has a pole of order 3; the above fact is then a 
consequence of a second fact, namely that the group of all automorphisms of the func- 
tion field G which leave p invariant is finite. This second fact is in turn an easy 
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“ a—a 
These equations may, with the help of (21), be rewritten in the form 
4(a—a)? 


(403 
4(a—a)? 


(27) 


Applying 4; to the first equation (26), and making use of (21), (23), 
and (24), we obtain 


(oa) = (U + VB)4*(a — a)*(4a? — gra — gs) *C(a)”, 
where 
(28) U 
A (a) —g’s(%—a) 
(a) 


and 


(29) B(a) 
—20/(a—a) (44° A(a)—9'C (2) 
B(a). 

On the other hand, by (23) 


A(oa) + B(oa)oB 
C(oa) 


o(a’) 


Since (ca)’ = o(a’) we therefore find, with the help of (27), that 


consequence of the Riemann-Roch theorem; indeed if ¢) is any automorphism which 
leaves p invariant then o,a has a pole of order 2 at p and of has a pole of order 3 
there, whence (for example see Chevalley [2], chapter II, corollary to theorem 6) 
=¢,a + Co, = ¢,8 + ca+c¢;, where c,---,¢,eF and ~0; since must 
preserve equation (21), an easy computation shows that c, = c= ¢, = 0, ¢,2— ¢,? = 0, 
J2 (Cy — = 0, (C32? — 1) = 0, so that there are only a finite number of possibilities 
for o). For this short proof I am indebted to M. Rosenlicht. 
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b 
bB 
+B(w— =) 
4(a—a)® 


O(W— + VB), 


where 


W=— 
4(a—a)? 


Because of (21) the left hand member here is a linear combination of 1 and 
8 with coefficients which belong to ¥(«), have denominators that are powers 
of a—a, and have numerators that are divisible by (4a? — g.a — g;)C(a). 


The right hand member can also be expressed as a linear combination of 1 
and £, the coefficient of 1 being 


(4a°— 
: 
CGH) bV 
and the coefficient of B being 


j=0 


Therefore (31) and (32) are both expressible as quotients in which the 


(32) 


j=0 (2j) 


J2%—9s)} 
92 bU. 


denominator is a power of « —a and the numerator is a polynomial in # [| 
divisible by (4a* — — g3)C(a). 

Observing from (28) that U is divisible by 4%?— g.a—g;, and from 
(29) that each term of V is so divisible except for 


— b(a —a)((12a? — g.)A(a) — 9'sC(a)), 
and recalling that o is transcendental over ¥, we conclude, on substituting 


for a in (32) any root e of 4y* — g.y — gs, that 


+ (4a? — — (goa + 29s) 
o( — ay ) 


X b(e — a)((12e? — g.)A(e) — g’,C(e)) = 0. 
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Since this is true for infinitely many points (1:a@:b) of the curve W (gz, gs), 
this implies that (12e? 2)A(e) —g’;C(e) =0. Because this equation 
holds for each of the three roots e of 4y? — g.y — gs; we conclude that 


(33) (12y° — g2)A(y) —g’sC(y) =0 (mod 4y* — goy — gs). 


Returning now to (31) we see that if r denotes the degree of C(y) and 
if we multiply (31) by (#—a)*" then we obtain a polynomial in #[a] 
divisible by C'(«), that is, we have a congruence in #[a] of the form 


LU + Mbv =0 (mod C(a) ). 


Since every subgroup of W(g2,g;) which contains (1:a:b) also contains 
1:a:—b) = (1:a:b)-, this congruence continues to hold if we replace b 
by —b. Using the two congruences (one with 6 and one with — 6b), and 
observing from (28) and (29) that 


U = (— 4(a — a)® + — a)(12a? — g.) + 2b)(4a8 —2g.a — 
— — a)(12a? — ge) + 2(4a° — — gs))(4a° — — gs)B(a) 
(mod C(«)) 
and 
= — (b(a¢ — a)(12e? 2(4a3 — goa — g3))A(a) 
+ (—4(a—a)* + (a—a)(124? — gs) + 2b) (4a? — — gs)B(a) 


(mod C(2)), 
we obtain the following two congruences in ¥[a@], in which b no longer 
appears : 

X — goa — — goa — gs)4(12a® — — 4(a — a)”) 
+ CPCI) (W) (a qa) 2r-45-2 


xX — Jot — (4a3 — Js)i(12a? J2) | (a a)A(a) 


—l (27 1223 Ce) (W) 
X (4a* — g2a — — goa — 


1 
+2 
X (4a° — goa — — goa — 
= 0 (mod C(a)), 


((2i+1) (W)(a— q)2r-4-2 


= 
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and 
1 
X (4a* — goa — gs)!(4a° — goa — gs)! 
1 
+ 2 @ 
X (4a* — goa — — goa — 
X (4a* — goa — gs)i(4a° — go% — gs)4(12a? — ge) 
1 
+2 
xX (4a* — goa — gz)i(4a° — goa — — go — 4(a —a)”) — a) B(a) 


= 0 (mod C(a@)). 


(W) (a @)2r-45-2 


(W) (a — a) 


Since the congruences (34) and (35) hold for infinitely many points 
(1:a:b) W(g2,9;) with a,be F, that is for infinitely many elements 
ae F, they must hold for all elements a. In particular, they hold for a equal 
to a. Now the leading coefficient in C(y) is 1; therefore, when we replace a 
by a, C™(W)(«— a)?"-** becomes (r!(r — k) !)27-*(4a° — goa — gs)"*. Conse- 
quently, when a is replaced by a, (34) becomes 


+> ) 2747-2 — goa (mod C(a)), 
j=0\27 +1 


so that 
B(a) (4a? — goa — =0 (mod C(«)). 


In the same way, on replacing a by a in (35), we find that 
A (a) — goa =0 (mod C'(a) ). 
Since A, B,C have no common divisor, it follows that 
(4y° — goy — =0 (mod C(y) ). 


Therefore if C were of degree > 0 then C would have a root e in common 
with 4y° — g.y—g;, and we would obtain, on replacing « by e in (35) 


j=0 
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+ 4(a® — g2)e — + 29s) or 
o( 4(e—a)? )(e—a) 


X (24 (e) — (e—a) — go) B(e)) = 0, 


so that we would have A(e) =0, B(e) =0, contradicting the fact that 
A, B,C are without common divisor. Consequently 


(36) O(y) =1. 


Now A and B are not both 0, for otherwise by (23) we would have 
32 =a’ = 0, contrary to assumption. Let p denote the maximum of the 
degrees of A and B, and denote the coefficients of y? in A and B by ca and 
cp respectively. Suppose p were >0. Multiplying both sides of (30) by 
(«— a), then expressing each side as a linear combination, over F(a), 
of 1 and 8, and then equating coefficients of 1, we would obtain an equation 
in #[a]; if in this equation we equated the coefficients, right and left of 


a?*6 we would obtain 
— (485 32) cp 0; 


since this would hold for infinitely many points (1:a:)) ¢ W(g2, 93), that 
is, for infinitely many values of 6b, we would have c4 cg —0, which is 
impossible. Therefore p—0, so that B=cgeF. By (36) 


and (33) we further conclude that c4 —0 and g’;=0, whence from (23) 
a’ = Writing cp =a, we see, by (21), that (22) holds whence 
4 = F(a, 8) — F<a>. To complete the proof of the theorem it remains to 
show that g,e @. We have just seen that 8,9; 0 for those values of 1 for 
which 40; we must prove that 0 for all values of & such that 
5.¢==0. For such 7 and k we have 


5: ( (8;a)?) = 28; == 28:0 = 0 
so that, because of (22), 
0 = — goa — gs)) == 2a; (40° — goa — gs) + ai?(— 8x95) ; 


since is transcendental over ¥, this implies that 8,4; and &g,; = 0. 


Thus g,¢ @, and the proof of Theorem 7 is complete. 
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NETWORKS SATISFYING MINIMALITY CONDITIONS.* *? 


By R. Duncan Lwce. 


1. Introduction. A network N is a system of two finite sets MW and 
P CMM, in which the elements a, b,- - -¢ VM are called the nodes and 
the elements (ab), (ca),: - -e¢P are called the links of N. The number of 
nodes is denoted by m and the number of links by p(NV). If (ab) is a link 
of N, a is called the initial node and b the end node of the link (ab). Thus, 
a network is a binary relation over a finite set and is also a finite oriented 
graph in which there is at most one oriented arc from one node to another. 
Our viewpoint is primarily that of graph theory rather than algebra. 

Let I be the set of all links of the form (aa),aeM. If POHI=0, 
N is called non-reflexive. We shall, without further mention, take the word 
network to mean non-reflexive network. 

A subnetwork N’ of a network N, denoted N’ C N, is any network with 
M’C Mand P’ CP. If M’=M, we say N’ is a complete subnetwork of NV. 
If N’ C N, N —N’ is the network with nodes M and links P — P’ and it is 
said to be formed from N by the removal of the links P’. If N’ has but 
one link (ab) we write N — N’ = N—(ab). Similarly, the network with 
nodes M — MW’ and links PN [(4!— M’) & (M — M’)] is said to be formed 
from N by the removal of the nodes M’ (and the incident links). WN’ is a 
supernetwork of N if N is a complete subnetwork of N’. We shall write in 
this case VN’ — V + (N’ —N) and say that N’ is formed from N by adding 
the links P’—P to N. If N’—WN contains but one link (ab), we write 
N’ =N + (ab). 

A pair of links (ab) and (ba) is called an are ab, and any network 
composed entirely of arcs is isomorphic to a graph and so is called a graph. 

A q-chain from a to b, denoted (ab, q), is an ordered sequence of g links 
(ac;), (€1¢2),° - *, (¢gb) in which no node is repeated, except possibly a = b. 
In the latter case the chain is called an (oriented) circuit. A network is 


* Received April 6, 1953. 
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connected if there is a chain from every node to every other node; otherwise 
it is disconnected. Maximal connected subnetworks are called components. 
In a previous paper [4], which will be referred to as (A), the following 


definitions were introduced : 

A network has degree 0 if it is not connected; it has degree k, k > 0, 
if there exists N’ C N such that p(N’) =k and N—WN’ is disconnected, 
but N —N” is connected for all N” C N such that p(N”) < k. 

A network N is k-minimal if the degree of N — (ab) is k —1 for every 
(ab) eN. If N is 1-minimal and connected, it is called minimal. 


In this paper we are concerned with three independent results which 
are each related to k-minimality. The definition is extended in a natural 
way to disconnected networks in Section 2 and these networks are completely 
characterized by Theorem 1. It is worth mentioning that the characterization 
problem for connected networks appears to be far more difficult. (The 
principal result of (A) is the solution to that problem for k—1). In 
Section 3, the principal result is Theorem 4 which states that in a network 
of degree k&, there is a set of at least & chains from any node to any other 
node, no two of which have a common link. This result is a generalization 
of a close analogue to the well known theorem of Menger that between any 
two nodes of a graph without a cut-node there are at least two chains that 
have no intermediate nodes in common. In the final section we turn to a 
generalization of transitivity. Connectedness and transitivity are each such 
strong requirements that combined they single out but one network—the 
case P = M & M—-so, in the presence of connectedness, transitivity must be 
weakened to be of interest. We require that every chain exceeding h links is 
“ short-circuited ” by a link, and that no chain of h or fewer links is short- 
circuited. It is shown that these connected networks fall into three classes: 
one having but one member which is of degree 2, the set of minimal networks, 
and a set non-minimal networks of degree 1 whose connected subnetworks 
also have degree 1. 


2. (—k)-minimal networks.’ To extend the above definitions of degree 
and minimality to disconnected networks, we simply interchange the roles 
of connected and disconnected as follows: 

A network N has degree (—k), k = 0, if there exists a connected super- 
network N’ of N such that p(N’ — NV) =k +1, but every supernetwork N” 
such that p(N” —N) <k-+1 is disconnected. 


’ The author is indebted to Anatol Holt who suggested this problem to him. 
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A network N is (—0)-minimal if N is disconnected and for every 
(ab) £N,a,beN, N+ (ab) is connected; it is (—*)-minimal, k= 1, if 
for every (ab) # N,a,be N, N + (ab) has degree (—k +1). 

Following Dirac’s terminology ([1], p. 347), we shall call a network with 
every possible link present a complete graph, and any component which is a 
complete graph is simply called complete. A node which is neither an end 
node nor an initial node of any link is called an isolated node. 


LemMa-1. If N is a (—k)-minimal network with m=3 and k= 2 
and a is an isolated node of N, then N’ = N —a is either (—k + 1)-minimal 


or a complete graph. 


Proof. If N’ is not a complete graph, then since m = 3, there exist 
b, ce N’ such that (bc) ¢ N’. For any such b and c, consider N* = N’ + (bc). 
Let —gq be the degree of N*, then the lemma is proved if we show 
g=k—2. Let U be any set of & links which connects N + (bc), and 
observe, since a is isolated, there exist e,feN’ such that (ea), (af)e U. 
Now, U + (ef) — (ea) — (af) connects N*, so g = k—2. Suppose q << k—2 
and let U’ be a set of g + 1 links which connects N*. U’ is non-empty, for 
otherwise V* is connected, whence N + (ba) is connected by adding (ac), and 
this implies N is (—1)-minimal, which contradicts k = 2. Let (ef?) © U’, 
then U’ — (e’f’) + (e’a) + (af’) connects N + (be) using only (q+ 1) +1<k 
links, which is a contradiction. 


THEOREM 1. A network N is (—k)-minimal if and only if either 


(i) N is a graph which consists of k +1 complete components having 
no link between any pair, or 


(ii) WN consists of a set X of nodes which form k +1 complete com- 
ponents having no link between any pair and a complete component Y such 
that either 


1. (ay) eN and (yr) for all xe X and ye Y, 
or 
2. (yx) eN and (xy) ¢N for all ee X and ye Y. 


Proof. The sufficiency is obvious. 


The condition is clearly necessary for k = 0, so we restrict the proof to 
k=1. Let N’ be any component of N. If N’ is an isolated node, it is 
Pp 


complete. If N’ has more than one node, we show it is complete: If there 
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exist a,beN’ such that (ab) ¢N’, and if U is any set of & links which 
connects N + (ab), then for any (cd) eU, U— (ed) connects N + (cd), 
since N’ is already connected. This contradicts the assumption that N is 
(— k)-minimal. 

If N’, N” are two components of NV, we show that if ae N’, be N”, and 
(ab) N, then (a’b’) N for any a’ N’, b’e N”: Suppose (a’b’) ¢ N, and 
let U be any set of & links connecting NV + (a’b’). U connects N since N’ 
and N” are complete and (ab) e N, which contradicts the assumption that 
N is (—#)-minimal. 

Since the components of NV are complete and since if there is one link 
from N’ to N” there are all possible links, it is sufficient to prove the theorem 
for networks having no components with more than one node. 

First, m = k + 1, for if not N can be connected as a circuit on all nodes 
with fewer than k + 1 links. If m =k + 1, no links are present, for if there 
were V could again be connected as a circuit using no more than m —1—k 
links. In this case, NV satisfies part (i) of the statement. 

For networks with m = k + 2, an induction on m will be used to show 
part (ii) holds. For m = 3, it is clear this is the case. Suppose m > 3 and 
part (ii) holds for m’=—m—J1. If N has an isolated node a, then by 
Lemma 1, V —a is (—k.+ 1)-minimal, so by the induction hypothesis (11) 
holds for NV —a, since (i) cannot. Thus, there exists a node de N —a such 
that for any other node c e N —a, exactly one of (cd) and (dc) e N. Suppose, 
without loss of generality, (cd) e N. Then, VN + (ad) has degree (—k) and 
N + (da) has degree (—k&-+1), which is a contradiction, so N has no 
isolated nodes. 

Divide the nodes of N into three classes: X —set of initial nodes, 
Y =—set of end nodes, and Z = set of nodes which are both initial and end 
nodes. Let these sets have g, p, and m — q— p members respectively. It is 
simple to see that if q==0 or p= 0 there is a connected subnetwork of N, 
which is impossible. Suppose g = p. 

Since the nodes of X terminate no links, at least q links will have to be 
added to N to produce a connected supernetwork. We shall now show that q 
links suffice. There are maximal subsets Y, and Y, such that there is a 1:1 
correspondence 2, X1, Yi, 1, - -, 8, and N. This follows 
from the fact that neither XY nor Y are empty and from any «eX there is 
either a link to a ye Y or a chain via Z toa ye Y. But in the latter case, 
(xy) ¢ N for if not then N can be connected by the same set of links which 
connect N + (zy). 


The addition of the s links (y,22), (yots),° +, (@syi) to N creates a 
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connected network on the nodes X,-+ Y,;. Let ée X —X, and ne Y — Yi; 
then (é) ¢ NV, since X,, Y; are maximal. Thus, if €e X — X,, there exists 
ye Y, such that (gy) e N, and if ye Y — Vi, there exists ze X, such that 
(zn) e N. Now, from each of the p—s nodes of Y — Y, introduce links 
to the nodes of XY — X, such that no two terminate on the same node; this 
is possible since g =p. To each of the remaining nodes of Y — X,, if any, 
introduce a link from a node of Y,. It is easy to see the resulting network 
is connected and that s + (q¢—s) —q links have been added. 

If zeZ and ye Y, then N + (yz) still requires the addition of q links 
to connect, so Z and p=m—g. If p were >1, then for ye Y, 
N + (y:y2) would also require the addition of q links to connect; hence 


p=land q=k+1. Thus, m=q+1—k+2. 


If p=g, a similar argument applies. 


3. Analogue to Menger’s theorem. In graph theory, a node of a con- 
nected graph is called a cut-node if its removal, along with the incident arcs, 
results in a graph having two or more components. We generalize this notion: 
a set of nodes of a connected network is called a cut-set if it is one of the 
smallest sets of nodes whose removal, along with the incident links, results 
in a disconnected network. If the cut-sets of a network each have x members, 
we say the network has index x. It is clear that every connected network 
has a unique index x, that 1 = x = m —1, and that a connected graph has a 
cut-node if and only if the index is 1. 

The notions of index and degree are parallel with respect to the removal 
of nodes and links, and so presumedly their values cannot be completely 
independent. Our first result establishes a relation between them. 


THEOREM 2. Let a connected network on m nodes have degree k and 
index x, then (mM—1+«)/2. 


Proof. To show the left side of the inequality we prove: If a connected 
network NV has degree k < m—1 and (a;b;), j7=1,2,:--+,k, are a set of 
links whose removal disconnects NV, then there exists a set of nodes c;, 
with c; =a; or such that their removal results in a 
disconnected network. The c; are not necessarily distinct. 


For m = 2 this is obvious. 
Consider m = 3 and k =1. Let ¢ and d be two nodes such that there 
is no chain from ¢ to d in N’ = N — (a,b,). Let Mg consist of d and any 
node 7 such that there is a chain from i to d in N’, and let M, = M — My. 
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Since m = 3 one of these sets has more than one member and neither is 
empty since ce M, and de Mg. If either set, say M,, has but one member, 
then the other contains either a, or 0,, say b;. But there is no chain from 
c to Mz—Db,. If both sets have two or more members, remove either a, or ), 


and there is no chain between the resulting sets. 
For m = 3 and k > 1 we use an inductive argument. Remove the link 
(a,b;) to obtain N’ having degree k —1. By the induction hypothesis there 


exists a set of no more than & — 1 nodes c;, with c; =a; or bj, 7 =1,2,° °°, 
k —1, whose removal from N’ results in a disconnected network N”. If 
either a, or b, ¢ N” we are done; otherwise, call N” + (a,b.) = N*. Since 
k<m—1, m* = m— (k—1) = 3, so if N* is connected we may apply 
the k = 1 case to show that either the removal of a; or 0b; disconnects N*. 
Thus, for k << m—1, «=k; however, «=k trivially when k = m —1, so 
we are done. 

We now show the right half of the inequality. If «—m—1, it is 
trivially true, so we suppose x << m—1. Let S be a cut-set of N and call 
the resulting disconnected network N’. Let M’ = M—S. M’ consists of 
more than one node since m—x« > 1, hence there exist c,deM’ such that 
there is no chain from c to d in N’. Let M, and M, be defined as in the first 
half of the proof. One-or the other contains no more than half of the 
nodes of MW’, i.e., no more than (m—x«-+1)/2 nodes. Without loss of 
generality, we may suppose M,. is the smaller set. In N consider the 
removal of the links (ci) where te M/.+ 8, which are no more than 
(m —« + 1)/2 + «—1= (m—1-+x«)/2innumber. Clearly the resulting 
network is not connected because there is no link for which ¢ is the initial 
node, which concludes the proof. 

The right inequality is weak and may be improved by relating the degree 
to the diameter of a network. Let 8,, be the shortest chain from a to } in a 
connected network, then § = max §,, is called the diameter of the network. 


a,b 


THEOREM 3. For a connected network of diameter § > 2 and degree |, 
k= (m—8)/2 +1. 

Proof. If 6m, then there is a circuit on the nodes of N such that 
at least one of the nodes is the initial node of only one link, thus 
k=1=(m—™m)/2+1. 

Consider 2<8< m. Let a and b be two nodes having no chain with 


fewer than $ links from a to b. If a4b, there are §+ 1 nodes S in the 
shortest chain from a to and m —&—1 nodes in M— If ic 


! 
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then not both (ai) and (ib) eN since 8>2. Thus, either a is the initial 
node of no more than (m—8—1)/2 links to M— S or b is the end node of 
no more than (m—8&—1)/2 links from M—BS. Furthermore, a is the 
initial node of only one link to the nodes of § and 6 is the end node of only 
one from S, else there is a chain with fewer than 6 links from a to b. Conse- 
quently, the removal of at most (m—8—1)/2-+1< (m—8)/2 + 1 links 
disconnects JV. 

If a=}, S has 8 nodes and J —S has m —68, and by a similar argu- 
ment k = (m—58)/2+1. 

Observe that for 6 > 2, Theorem 3 implies the right side of Theorem 2, 
for k= (m—8 4 2)/2 S (m—1)/2 < (m—1+«)/2. 

We turn now to Menger’s theorem [3]. It is proved for graphs; however, 
substantially the same proof holds for networks and so we state it in that 
form: If a network is connected and has no cut node, i. e., index x = 2, then 
from any node a to any node b there are at least two chains which have no 
intermediate nodes in common. Because of the parallel definitions of degree 
and index, one is led to inquire if the following analogue to Menger’s theorem 
is true: If a network has degree k = 2, then from any node a to any node b 
there are at least two chains which have no links in common. It is indeed 
true; one proof parallels very closely the demonstration given by Dirac for a 
strengthened form of Menger’s theorem; cf. [2], p. 72. We shall not include 
this proof, for the result is included in the following considerably stronger 
result. 


THEOREM 4. If a network has degree k, then from any node a to any 
other node b there is a set of at least k chains such that no two have a 
common link. 


Proof. We proceed by induction on k; for k = 1 the theorem is trivial. 


If N has degree k > 1, select a k-descendant N’ of N (i.e., one of the 
smallest complete k-minimal subnetworks of N, see p. 705 of (A)). It suffices 
to show the theorem for N’. Let n be the length of the shortest chain from 
ato b. If m1, remove the link (ab) yielding a network of degree k —1, 
which, by the induction hypothesis, has # —1 chains from a to } with no 
link in more than one of them. But (ab) is not common to any of them, 
so there are k chains from a to b in N such that no pair has a common link. 

The remainder of the argument is an induction on n with k fixed. Let 
A be a chain from a to 6 of length n and let ¢ be the node of A immediately 
preceding 6. The shortest chain from a to c has n—1 links, so by the 
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induction hypothesis there exists a set A, of & chains from a to ¢ having no 
link common to any pair. Similarly, there is a set B of & chains from c to } 
having no link common to any pair. We may suppose that at least one chain 
of B has a link in common with a chain of A,, else we are done. 


Notation. If g and h are two nodes of a chain d, let A(g, 2) denote the 
part of A from g to h. 

Suppose 8 e B has a link in common with a chain of A,. Proceed along 
8 opposite to its orientation, i.e., from 6 toward c, until the first link which 
is common to a chain, say «, of A,. Continue further along f until either 
there is a link common to some @ € A,, a a, or until c is reached. Let g 
be the end node of the common link or c, whichever is appropriate. Observe 
that « and B(g,b) may have several common links. Let h be the first node 
of a, measured along a from a, such that the links of « and B(g, 0) for which 
h is the initial node are different. We call B(h,b) the tail of B. 

The remainder of the proof is concerned with the construction of & chains 
from a to b which satisfy the conditions of the theorem. Parts of chains in A, 
and B will be used. The construction is expedited by dividing A, into a 
number of classes. 

A, is given. Suppose Cja, Dia, and to be defined. 
Then define A; = Dj. + Ej.. 

Now, for any ae A;, let 8’, be the j-th distinct chain of B as measured 
along « from a, which has a link in common with a. Let g/, be the first node 
in a which is initial to a link of 8’, which is not also a link of a Then 
we define 

C;= [ae A; | Bia(gio, b) is the tail of Big]. 

= [aeA;| A;— Cj, Bia(g/a, 0) has a link in common with some 
A;—C;,¢ Aa]. 


[ae A;| ae A; — Cj, has links in common only with 


members of } Co + » Fo and Bi, is associated with some 
o=1 o=1 


j j-1 
Co+ Fo, by its defining property]. 
g=1. 


[ae A; | A;—C;, Bia(gia,6) has links in common only with 


j j-1 
members of } Co + 3 Fo, and £4, is not associated with 
o=1 


o=1 


j j-1 
any > Fo by its defining property]. 


o=1 o=1 


[ae A;| no gi, exists]. 
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Continue this inductive subdivision of A, until An ~0 and Any = 0. 

Let W; = [a (a, Bia(gia, b) | we Fj]. As above, we shall speak 
of the f’s as being associated with the corresponding @’s according to the 
definition of W;. Now suppose we W; and o’e W; have a link in common. 
For simplicity we write o = a8, = @’f’, and suppose 1 j. Hither has 
a link in common with « or B with «’. Consider the former case. Certainly 
a ¢C; since B’ is not a tail, so a e F;. But since f’ has a link in common 
with a, then for some p <i, «¢ Dp + Ep, which implies that @’ has a link 
in common with some a* ¢ Ap —C> or that f’ has already been associated 


p p-1 
with some «&” e¢>'Co+> Fo. The latter is impossible since « e Fj. In the 
o=1 o=1 


former, continue along f’ toward 0; there is a last chain ’ ¢ Ap — Cp which 
has a link in common with Hither Ae Cp-+ Fp or has already been 
associated with a member of A,, both of which are impossible. So ’ and 2 
do not have a common link. For the second case, in which £ has a link in 
common with «’, we may suppose 1 < 7 since the case 1 j has already been 
covered. Thus, # e F;, but since & ¢ A; C A; — C; and B has a link in common 
with @, then ae D; by definition. This is a contradiction. 
n 
Let W’ = | W; have r members; we have shown there are r chains from 
j= 
a to 6 such that no two have a link in common. 
7) e 
Let G=>G; have s members, then we show s+r=k. If S is a 
j=1 


finite set we denote by N(S) the number of elements in S. By definition 
Ay = Cj + Fj + Gj + Aju, 

and since the sets on the right are mutually exclusive, 

BLN (C5) + + EN (AY. 


j=l 


(Aj) 


3v choice, N (Ay) =0 and N(W;) = N(C;) + N(F;), 80 


N(4,) =k = + (G). 
j=1 j=1 


But, W; W;—=0, GN G;—0, so N(W’) N(W;) and N(G) N(G), 
sook=r+s, 

Let B’ be the set of 8 ¢ B which have no link in common with any we W’. 
Clearly, V(B’) = N(A,) —N(W’) =k—r=s. Thus, we may set up an 
arbitrary 1:1 relation between the s elements of G and the s elements of B’. 
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Denote it by a subscript and call the set of chains a,8,, g = 1,2, 8, 
ae G, Boe B’,W”. W=W’-+ W” is a set of & chains from a to b, which 
we now show concludes the proof. 

First, let wo’ = W’ and wo” = By definition of W”, 
B” has no link in common with @’. If #’ has a link in common with ”, then 
since a” eG, must have been associated with some a* 4’, whence 
a’B’¢ W’. Finally, if and wo’ = e W” and, say, has a link in 


n 
comon with a’, then since > Fo, must have been associated 
o-1 o-1 


with some a*, whence B¢ B’. The proof is concluded. 
From the analogue to Menger’s theorem one may deduce the structure 


of 2-minimal graphs. 


THEOREM 5. If Gis a 2-minimal graph, there exist minimal subnetworks 
N, and Nz such that G = N, + Nz and N, and Nz are (opposite) orientations 
of G. 

Proof. Let N be a descendant of G and suppose there is an arc abe G— N. 
Let a be a chain of N from a to 6 and 8 from b to a. There is a link (cd) 
of a such that (dc) is in B, for otherwise there are two chains of arcs between 
a and } in G—ab having only nodes in common. Thus G— (ab) has degree 
= 2, which is contrary to assumption. Let N’ = N+ (ab) — (cd). If N’ 
is connected it is also minimal since it has the same number of links as N. 
To show it connected it is sufficient to show a chain from 6 to a and one from 
c tod. The chain 8 from b to a remains and B(c, a) (ab) B(b, d) exists. 


If G—WN’ has an are, continue the process until N, is obtained such 
that G— N, = N, is arc-free. N, is also arc-free, for if abe N, then by 
Theorem 3. 4 of (A) N;, consists of two disjoint connected subnetworks joined 
only by ab. But since G is 2-minimal there is another chain of arcs from a 
to b not including ab, so N, has an arc, a contradiction. Since N, is arc-free 
it is an orientation of G, hence N, is a connected orientation of G, and so is 
minimal. 

Finally, it should be observed that Theorem 4, a generalization of a 
result suggested by Menger’s theorem, in turn suggests a generalization to 
his theorem, to wit: Jf a network has index x, then from any node a to any 
other node b there exists a set of at least x chains such that no two have a 
common intermediate node. Since the proof of Theorem 4 is based on two 
sets of chains with a common node ¢, it is evident that no minor modification 
of that proof will suffice to demonstrate the above statement, and I have been 
unable to develop a proof of it. 
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Some interest attaches in either proving it or giving a counter example, 
for if it is true there are theorems in graph theory (cf. [2], Theorems 1, 4, 5) 
of the form “ If a graph has no cut-node, then . . .” which presumedly can be 
strengthened to a form “If a graph has index x, then... 
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4, h-transitive networks. As was pointed out in the introduction, the 
conditions of transitivity and connectedness result in the single class of net- 
works, the complete graphs, so it is desirable to weaken the transitivity 
condition. We shall call a network N h-transitive if there is at least one 
chain (ab, h) ¢ N such that ab, and if for every chain (cd,q) such that 
cd, then (cd)eN if qg=h+1 and (cd) if 1<qsSh. Clearly, 
1=h = m— 2, and for connected networks, 1-transitivity implies transitivity. 

For connected networks, two cases can be distinguished: either there 
exists a chain of length = h + 1, or there does not. In the latter case, it is 
easy to see that the network is minimal . This case has been discussed in (A), 
so we shall be interested only in the former case. 

The following are a set of examples of non-minimal, h-transitive net- 
works with m=h+2=25. Let Q be a set of four nodes 1, 2, 3, and 4, 
Ra set of h — 2 nodes distinct from Q labeled 5, 6,- - -,h + 2, and S a set 
of m — h — 2 nodes disjoint from Q@ + R. Let the following links be present 
on Q@+R-+8: (13), (14), (23), (24), (35), (45), (56),- >, (h + 1,4 +2), 
(h + 2,2), (13), (14), where ie 8. It is not difficult to show these networks 
satisfy the above requirements. 


Lemma 2. If N h-transitie, h > 1, and there exists (ab, q) N with 
q>h, then q=h-+1. 

Proof. (ab, q) = (ac) (cb,qg—1), and if g >h+1,q—1>h, (cb), 
(ab)eN. But for h=2, (ac)(ch) N implies (ab) N, a contradiction. 


In (A) a network was called uniform if every connected subnetwork has 
degree 1. A graph which consists of only a circuit of arcs encompassing 
all the nodes is called a circle. 


THEOREM 6. Jf a network is connected and h-transitive, h > 1, then it 
is uniform or a circle (which is 2-minimal and for which h =m— 2). 


Proof. If N is minimal, it is uniform (p. 704 of (A)). 


If N is non-minimal, there is an h + 1 chain and, by Lemma 2, it is 
the longest chain in NV. Let its nodes be ordered by the orientation of the 
chain and M, {a,a+1,---a+ha+h+1—b} and =M—M,. 
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If h < m—2, then M,~0. If (ba) e N, then a simple induction shows 
there is a circle on V,. Then, any link from a node of M, to one of M, 
results in an h + 2-chain, and at least one such link exists since WN is 
connected. By Lemma 2, this is impossible, so (ba) # N. Let ce M2, then 
(bc) ZN or (ab,h +1) (bc) would be an h +2 chain. But since N is con- 
nected, there exists at least one a + ie M,,1SiSh, such that (b,a+ 
However, for j >i, (b,a+ 7) ¢N since 
(a+4j—1,a+ 7) is a chain of length no greater than 1+ (h—1) =/h. 
Therefore, b is the initial node of exactly one link, so N has degree 1. 

If h =m — 2, then JJ, 0. The only possible links to the node a + h 
are (b,a+h) and (a+h— 1,a+h), since any others produce a chain 
(ab,q) with¢g=h. Thus, the degree of N is, in this case, no greater than 2. 

Suppose V is (m— 2)-transitive and of degree 2, then we show NV 
is a circle (the converse is trivial). Since k—=2, (b,a+h)eN. Now 
node a+ h—1 must be the end node of at least two links, one being 
(a+h—2,a+h—1). Of the other two possibilities, (b6,a-+h—1) and 
(a+ h, a+ h—1), the former is excluded because (b, a + h —1)(a +h —1, 
a+h) implies (b,a+h) ¢N, contrary to what we have just shown. Pro- 
ceed inductively and a circle results. 

Now consider the non-minimal h-transitive networks of degree 1. Let 
S be a connected subnetwork of N, and let h’ be the length of the longest 
chain in S. Either h’ =h+1 or h’=h. In either case, § is h’-transitive, 
and so the degree of S is 1 except, possibly, if h’ 1 or h’ = m’—2. If 
h’ =1, then since h > 1, m’ = 2, and so the degree is 1. If h’ =m’ —2, 
the only interesting case is degree 2, which, by what we have just seen. 
implies S is a circle. But, then, h’ —h, and N is a circle, for h =m — 2, 
else there is anh + 2 chain. This is contrary to assumption, so S has degree 1, 
and N is uniform. 

The second example on p. 719 of (A) shows there are uniform networks 
which are not h-transitive. 


CoroLuary. For m= 5, there are no 2-transitive, connected, non- 


minimal networks. 


Proof. Suppose N is 2-transitive, connected, and non-minimal. Let the 
nodes of one of the 3-chains be a, a+ 1, a+ 2, 6. As in the first part of 
the above proof, if m = 5, there is a link from 6 toa+i7,1Si<2. If 
(b,a+ 1) e N, then (ab)(b,a + 1)(a+1,a+ implies (a,a+ 2) eN, 
which is impossible. Thus, for NV to be connected, (b,a+2)eN. If 
(a+ 2,a) #N, then there is a 3-chain from b to a, which is impossible. 
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But, (b,a+ 2) (a+ 2,a)(a,a+1)eN implies (b,a+1)2¢N, which we 
have just shown is impossible. Thus, NV does not exist. 

TueoreM 7. Let N be connected, non-minimal, h-transitive, h > 1, and 
not a circle. If N contains an arc ab, then N consists of two connected sub- 
networks Nz and Ny joined only by the arc ab. Lither Nq or Ny is h-transitive 
and non-minimal, and the other is either minimal or h-transitive and non- 


minimal. 


Proof. Let [te M | there exists (ai, q) not including 6] + a, 


M, = [ie M | there exists (bi, q) not including a] + 4, 
Ma = Man M, 


M’, = [ie M | there exists (ia, q) not including 6] + a, 
M’, = [ie M | there exists (ib, q) not including a] + ), 
M’ M’, a) 


Observe that If ie M,N(M—WM’,), then 
there exist (ai,7) ¢ N not containing 6 and all (1a,s) ¢ N do contain b, so 
there exists a chain « from a to b not including (ab). Since (ab) e N, which 
is h-transitive, « must be of length h 4-1. Since (ba) e N, we may use the 
same induction as in the proof of Theorem 6 to show there is a circle of arcs 
on the nodes of a This contradicts the fact that N is uniform. Thus, 
M, C M’,. Similarly, M’, C My, so = M’,. In like manner, M, M’,. 
Thus, May = M, = M,N so by the same argument Ma, = 0. Simi- 
larly, Let N, and N, be the maximal subnetworks of N on 
and M,. By what we have just shown they are connected and they have no 
node in common. They are joined by ab, and no other link exists between 
them since — 0. 

Not both NV, and N, are minimal, for if they were then N would be 
minimal. Indeed, no h +1 chain traverses the are ab, for if it did, there 
would exist another link between NV, and N;. Thus, one of them is h-transi- 
tive and non-minimal, and the other is minimal or h-transitive, non-minimal. 

The class of non-minimal, h-transitive, uniform networks on m nodes 
is smaller than the class of minimal networks on m nodes, and the former 
can be readily obtained from the latter. Observe, if N is h-transitive and 
non-minimal, it contains a minimal N’ as a descendant. WN’ is h + 1-transi- 
tive, and N is obtained inductively from N’ by introducing a link (ab) 
every time a chain (ab,h-+1) appears. It is easy to find examples of 


and 
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minimal networks for which this operation does not result in an h-transitive 
network, so the class of minimal networks is the larger. 

For example, if m = 5, it is easy to construct the 15 possible minimal 
networks using Theorem 3.4 of (A). Of these, 10 have arcs and in each 
case the longest chain in the network passes through the are, so by Theorem 7 
they cannot be descendants of an h-transitive non-minimal network. Of the 
remaining five, one is the circuit which obviously becomes the circle, and 
one has h = 3 which by the corollary to Theorem 3 cannot yield a 2-transitive 
case. Performing the inductive operation described above on the other three 
gives the complete graph in two cases and a 3-transitive network in the third 
case (which is included in the example at the beginning of this section). 
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MODULES OVER OPERATOR ALGEBRAS.* ? 


By Irvine KAPLANSKY. 


1. Introduction. In [3], Th. 3 the author proved that any *-auto- 
morphism of an A W*-algebra ? of type J, leaving the center elementwise fixed, 
is inner. Now in the case of a factor (that is, the algebra of all bounded 
operators on a Hilbert space) a better result is known, for then every 
automorphism is inner. This leaves a gap that deserves to be filled. A 
companion problem is the following: is every derivation of an AW*-algebra 
of type J inner? It appears that existing AW* techniques are inadequate to 
solve these problems, and this paper is devoted to introducing a new technique 
that does the trick. In brief: the new idea is to generalize Hilbert space by 
allowing the inner product to take values in a more general ring than the 
complex numbers. After the appropriate preliminary theory of these AW*- 
modules has been developed, one can operate with a general AW*-algebra of 
type J in almost the same way as with a factor. 

Besides solving the two problems mentioned above, the introduction of 
AW*-modules simplifies portions of [3], and also enables us to settle the 
existence question left open there: we are now able to construct an N-homo- 
geneous AW*-algebra of type I for any prescribed 8 and center. 

In the more special case of W*-algebras, the two problems could be 
handled by available tools. But even here AW*-modules seem to provide the 
natural method. One may expect that the theory of AW*-modules will have 
further applications, both to W* and to AW*-algebras. 


2. C*-modules. Let A be a commutative C*-algebra with unit,’ and 
let H be an A-module in the ordinary algebraic sense (including the assump- 
tion that the unit element of A acts as unit operator). We shall put the 
elements of A (typically a, b,- - -) on the left of the elements of H (typically 


* Received May 12, 1953. 

* This paper was prepared with the partial support of the Office of Naval Research. 

? Definitions will not be repeated from [2] and [3]; but few actual results will be 
used from the two papers. 

’ The assumption of a unit element is not vital, but it seems pointless to omit it, 
since A will shortly be an AW*-algebra. On the other hand, extension of the theory to 
modules over non-commutative C*-algebras presents many difficulties. 
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Z,Y,* °°). Suppose there is defined on H an inner product taking values in 


A and satisfying: 
(1) (zy) = (y,2)*, 


(2) («#,2) 20 and is 0 only for x—0, 


(3) =a(a,y) + (4,9), 


for all z, 2,, yin H andain A. Of the immediate consequences of the axioms 
we call explicit attention only to the following: (7, ay) = a*(a,y), and we 
pass on at once to the introduction of a norm. As compared with Hilbert 


“norms” available, one A-valued and the other 


space, there are in fact two 
numerical; they both have a role to play in our work. We use the notation 


—=(2,2)% |x| =|\(a,2) 


where on the right we mean the usual positive square root and norm in A. 
We have that || z || is the norm of | 2! in the algebra A; alternatively, || x 
is the sup of | 2! when the latter . -egarded as a function on the space of 
maximal ideals in A. 

The Schwarz inequality 


(1) ly] 


can be verified by adapting a standard proof. It is also possible to reduce 
to the numerical case by the following device. For any maximal ideal MV 
in A we may define a numerical inner product (x,y) (1) on H, by mapping 
modulo M. In this inner product there may exist non-zero elements 2 with 
(x, x) (M) = 0; nevertheless the Schwarz inequality 


is known to hold. The validity of (2) for every M is precisely equivalent 
to (1). On taking norms in (1) we further get the numerical version of 


the Schwarz inequality: 


(3) 


From (1) or (3) we deduce in the usual way the triangle inequality 
and we have that H is a normed linear space. 
By (3) the inner product is jointly continuous in its arguments; likewise 
the equality | az |= |a| || shows that az is jointly continuous in its argu- 
ments. So H may be completed with preservation of all the postulates. 
If H is already complete, we shall call it a C*-module over A. Thus a C*- 
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module is a kind of blend of a Hilbert space and a commutative C*-algebra. 

By a bounded operator T from a C*-module H into a second one K 
we mean a mapping of H into K which is not only linear and continuous 
as usual, but also a module homomorphism. Thus (if we place 7 on the 
right of the elements of H) we have (av)T —a(aT) for all a and z The 
set B of all bounded operators on H forms a Banach algebra in the usual 
operator norm. 

We call 7* the adjoint of T if (aT, y) = (x, yT*) for all and y. 
The question of the existence of 7* will be discussed in § 8 only with the 
aid of more axioms. But whenever T* exists, we can verify the equation 

LemMMA 1. Let H be a C*-module, and T a bounded operator on H 
with an adjoint T* which is also a bounded operator. Then || T || = || T* | 
and || TT* || | T' 


Proof. We have 


the last step by the Schwarz inequality (1). We take norms in (4), recalling 
that || 7 || is the sup of || || for || The result is the first 
inequality in 

(5) | 7 | TT* | 7 | | T* I, 


while the second inequality holds in any Banach algebra. On cancelling 

| g 
| T || we get || 7 || = | T* |. Since T is also the adjoint of 7*, the reverse 
5 


inequality also holds. Hence || 7 || = || 7* ||, and insertion of this into (5) 
completes the proof. 

3. AW*-modules. It does not appear to be possible to get much 
deeper into the subject without imposing further postulates, acting as a sort 
of algebraic substitute for a weak topology. These postulates are motivated 
by two properties of an AW*-algebra A ([2], Lemmas 2.2 and 2.5). 

(a) Let {e;} be orthogonal projections in A with 1. u. b. e, and suppose 
ais an element of A with —0 for all 1; then ea = 0. 

(b) Let {e;} be central orthogonal projections in A with 1]. u. b. 1, and 
let {a;} be a bounded subset of A; then there exists in A an element a with 


= e,0,; for all i. 


We propose to assume outright the analogues of these two properties. 
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Definition. Let A be a commutative AW*-algebra. We say that H is an 
AW*-module over A if it is a C*-module over A and further enjoys the 
following two properties : 

(a) Let {e;} be orthogonal projections in A with 1. u. b. e, and suppose 
z is an element of H with ew —0 for all 7; then ex — 0. 

(b) Let {e;} be orthogonal projections in A with 1. u. b. 1, and let {2;} 
be a bounded subset of H ; then there exists in H an element x with ev = e;.7; 
for all 1. 

It follows from postulate (aj that the element z of (b) is unique, and 
we shall write x= D\e,2;. This is in accordance with the notation > ea; 
used in [3] for the analogous element constructed in the algebra A. These 
two infinite “sums” are related in the desired way. 


Lemma 2. Let A be a commutative AW*-algebra, and {e;} a set of 
orthogonal projections in A with l.u.b.1. Let H be an AW*-module over A, 
y an element of H, and {2;} a bounded subset of H. Then 


(6) (d y) y). 


Proof. It is to be observed that the elements (2;, y) are bounded in A, 


and so the right side of (6) is well defined. To prove (6) it is enough to 
verify that it holds after multiplication by a fixed e; (we shall be making 
repeated use of this observation throughout the paper). Then the right side 


becomes e;(z;,y), while the left side is 
emi, y) = (6; esti, y) = y) = 


Lemma 3. Let H be an AW*-module over A. Then the annthilator in 
A of any subset of H is a direct summand of A. 


Proof. Let I be the annihilator in question; J is an ideal by algebra, 
and is closed in the norm of A by the continuity of the module operations. 
Let {e;} be a maximal set of orthogonal projections in 7. By postulate (a), 
their l.u.b.e is again in 7. We claim that J = eA, and it suffices to prove 
I = el, or equivalently (1—e)J=0. If on the contrary (1—e)I is non- 
zero, it contains a non-zero projection, which could be used to enlarge the 
set {e;}. 

In particular, the annihilator of all of H is a direct summand of A, 


and we say that H is faithful if its annihilator is 0. As a rule, there is no 
loss of generality in restricting our attention to faithful AW*-modules. 
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Lemma 4. Let x be a non-zero element of an AW*-module H over A. 
Then there exists in A a non-zero projection e and an element a with 


a | | = é. 


Proof. We have that || is a non-zero element of the commutative 
AW*-algebra A. Consequently there exists a non-zero projection e such that 
the function representing |2| is bounded away from zero in the direct 
summand eA. We take a to be the inverse of | x! in eA. 


Lemma 5. A fatthful AW*-module H contains an element x with 
| | == 1. 


Proof. Lemma 4 provides us with an element x, with | 2, | equal to a 
non-zero projection ¢;. We apply Zorn to get a maximal collection {x} with 
|2;|—e, and {e} orthogonal projections, say with lLu.b.e. If eA1, 
we have (1—e)H ~0 since H is faithful. Applying Lemma 4 to a non- 
zero element of (1—e)H, we enlarge the collection {a7}. Hence e must 
be 1. Since each | 2; | = 1, we may form the element «= > e,27;. For any 
e; we have 


Thus (#, «) —1 annihilates every e; and is 0. Hence z is the desired element. 

It is appropriate to observe that Lemma 5 may fail if H is merely a 
C*-module (even over an AW*-algebra). For instance take A to be the 
algebra of all bounded sequences of complex numbers, and H the C*-module 


of all sequences aproaching 0. 

We now introduce some terminology, imitating the example of Hilbert 
space. We say that x and y are orthogonal if (x,y) =0. The orthogonal 
complement R’ of a subset R of H is the set of all x with (R,v) =0. A set 
{x,} is orthonormal if each | |==1 and (2,2) for AAp. The 
existence of a maximal orthonormal set is assured by Zorn’s lemma. But this 
is not what we generally need. Rather we want what we shall call an 


orthonormal basis. 


Defimtion. An orthonormal basis in an AW*-module is an ortho- 
normal set whose orthogonal complement is 0. An AW*-module is said to be 
homogeneous if it possesses an orthonormal basis, or more precisely it is 
8-homogeneous if it possesses an orthonormal basis of 8 elements.* 


‘This terminology is not meant to suggest that the & in question is unique. As 
regards this problem, we have not advanced beyond what was shown in [3]: & is unique 
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Not every AW*-module has an orthonormal basis, but we can split it 
into homogeneous parts which do. To accomplish this we next launch the 


theory of submodules. 


4. Submodules. The appropriate concept for our purposes is embodied 


in the following definition. 


Definition. Let H be an AW*-module over A. By an AW*-submodule 
S we mean a subset satisfying: (1) S is a submodule of H in the ordinary 
algebraic sense, (2) S is closed in the norm topology of H, (3) if {x} is a 
bounded subset of S, and {e;} are orthogonal projections in A with 1. u. b. 1, 


then the element is again in 8S. 


We remark: (a) an AW*-submodule is itself an AW*-module over 4, 
(b) the intersection of any number of AW*-submodules is again an AW*- 
submodule, (c) consequently for any subset R there exists a smallest AW*- 
submodule containing R; we call it the AW*-submodule generated by R. 

The next two lemmas provide us with two natural sources of AW*-sub- 


modules. 


Lemma 6. Let H be an AW*-module. Then the orthogonal comple- 
plement of any subset of H is an AW*-submodule of H. 


Proof. The only point worthy of note is this: given that (2, y) =0 
for every 1, prove that (> ezi,y) —=0. This follows at once from Lemma 2. 


Lemma 7. Let T be a bounded operator from an AW*-module H into 
a second one. Then the kernel N of T is an AW*-submodule of H. 


Proof. We content ourselves with proving that x;¢ N implies > ea;e N. 
It is enough to prove (> ea;)T = 0 after multiplication by a fixed e;, after 


which it becomes (e;v;)T, which does vanish. 


Now consider a faithful AW*-module H, a maximal orthonormal set 
{x,} in H, and its orthogonal complement S. By Lemma 6, 8 is an AW*- 
submodule of H. If S§ is faithful we can use Lemma 5 to enlarge the set {zy}. 
Hence there must exist a non-zero projection e in A with eS =0. We now 
claim that the elements {ex,} constitute an orthonormal basis for eH, regarded 


if A satisfies the countable chain condition locally. The author conjectures that the 


uniqueness may fail otherwise. 
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as an AW*-module over eA. For suppose the element y in eH is orthogonal 
to all ex,. Then 
O = (ex, y) = e(tr, = (Tr ey). 


Hence ey = y is in S, and this implies y = 0, since eS = 0. When pursued 
by transfinite induction, the process yields the following theorem. 


TuHeroreM 1. Let H bea faithful AW*-module over A. Then there exist 
in A orthogonal projections {e;} with l.u.b.1 such that each eH is a homo- 


geneous AW*-module over eA. 


5. Construction of AdW*-modules. It is time for us to consider the 
question of the existence of AW*-modules. Now our fundamental example 
is A itself, regarded as a module over A. There is no difficulty in discussing 
the direct sum of a finite number of copies of A. But the construction of an 
“infinite direct sum ” requires more elaborate discussion. While we are at it, 
we might as well construct the direct sum of arbitrary AW*-modules over A. 

Our fundamental tool for this purpose is the use of the infinite sums 
in A which were briefly discussed in §4 of [3]. We recall that the self- 
adjoint elements of a commutative AW*-algebra A form a conditionally 
complete lattice, that is, every bounded set has a least upper bound. If 
elements a, = 0 are given in A such that there is a fixed upper bound to all 
finite sums, we say that } a, converges and we define the sum to be the least 
upper bound of these finite sums. There should be no danger of confusion 
between these sums and the other kind of infinite sum ea; which we are 
also using; in particular we shall always use Greek subscripts for the former 
and Latin for the latter. 

The reader should be warned of a possible pitfall: if we think of a) as 
a function on the space of maximal ideals of A, then } a, is not the point- 
wise sum of these functions (although the two sums differ only on a set of 
the first category). 

We shall further need to make use of sums of elements which are not 
necessarily self-adjoint or positive. Only absolute convergence is relevant, 
and so we define }} a, to be convergent if §! a)! is. The actual value of 
the sum > a is assigned by splitting a, into four parts (first into real and 
imaginary parts, then each of these into positive and negative parts). We 
shall not pause over routine facts needed in manipulating these sums, samples 
of which are 


— dba. 
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However a crucial réle is played by a suitable Schwarz inequality. 
Lemma 8. If >| a, and > | |? converge, so does and 


| Sanda |? SS | ay | |? 


Proof. We first prove (7) for finite sums, by adapting a standard proot, 
or by arguing modulo maximal ideals of A. Then, holding a finite sum fixed 
on the left of (7), we may put in the infinite sums on the right. Since the 
resulting inequality holds for every finite sum on the left of (7), we get the 
convergence of > a,b) and the desired inequality. 

Now let an index set J be given, and for each Ae J an AW*-module Hy 
over A. Define H to be the set of all arrays = {xz} with x, eA), and 
> | 2 |? convergent. For «= {x,} and y= {y,} in H define (z,y) to be 
Dd (2, yx). Since !(x, the convergence of ya) is 
assured by Lemma 8. We pass rapidly over the fact that H is in a natural 
way a C*-module over A, the verification being routine except for the com- 
pleteness of H in its norm. This we prove in (c) below, after we have checked 
the two AW* postulates. 

(a) Let there be given x = {x,} in H, and orthogonal projections e; 
in A with l.u.b.e. Suppose each ea —0. We have to prove er=—0. Now 
€;@, = 0, whence ex, = 0, ex = 0. 

(b) Let there be given elements = in H, with || ||? 
bounded by a constant K. (Here « of course runs over a second independent 
index set). Let e; be orthogonal projections in A with l.u.b.1. We must 
construct an element y in H with ey —e,«; for all 7. Now for fixed A we 
have | 2,(i)|*?= K. Hence in the AW*-module H, we may form the element 
= (1), satisfying ey, = for all 7. When A is restricted to a 
finite subset J of the index set J, we have 


Ae/ AeJ i 


When (8) is multiplied by e;, the right side becomes 


> | 


AeJ 


and is bounded by || z(j)|*= K. Since this is true for every j, the left 
side of (8) is likewise bounded by K. Hence y = {y,} is in H. Moreover 


= = (1) } = 


and y is the desired element. 


(7) 
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(c) Let «(m) = {x,(m)}, with m running over the positive integers, 
be elements constituting a Cauchy sequence in H (relative to the norm in HZ). 
We shall produce in H a limit y for this sequence. We begin by noting that 
for each fixed A, the elements 2,(m) form a Cauchy sequence in H), con- 
verging say to y,. The numbers || 7(m) ||? are bounded, say by K. We claim 
that also } | y, |? K. It is enough to verify this for a finite sum, taken 
over a finite subset J of the index set J. Now 


Xl y/?=lim | 2(m)|?, 
AeJ m>o 


while for each m 
Sf e(m) PSK. 


Hence § | y, |? = K, which means that y= {y,} is in H. It remains to 
prove that z(m) converges to y in the norm of H. Given « > 0, cut in far 
enough so that all || 7(m) —az(n)|/? Se. We claim that 


—y ? Se 


For (again) it is enough to verify this with A restricted to a finite subset J. 
But 


=| 2(m) —y |?=lim —a(n)|? Se. 
AeJ AeT 


Hence || «(m) —y ||? Se, and this proves the convergence of r(m) to y. 


We have thus completed the proof that H is an AW*-module. Let us 
now specialize to the case where each H) is isomorphic to A. Then H has 
an evident orthonormal basis: the elements which are 1 at a designated 
coordinate A and 0 everywhere else. The cardinal number of this ortho- 
normal basis is the same as the cardinal number of the index set J, and 
this is at our disposal. We have proved: 


THEOREM 2. For any commutative AW*-algebra A and cardinal number 
there exists an S-homogeneous AW*-module over A. 


6. Orthogonal decomposition. We wish now to prove that any AW*- 
submodule is a direct summand, and also that a homogeneous AW*-module 
is determined in a suitable way by an orthonormal basis. The following 
lemma provides the basic information needed in proving both of these facts. 


LemMMaA 9. Let H be an AW*-module over A, let {xy} be an orthonormal 
set in H, let S be the AW*-submodule of H generated by {xy}, and let {cy} 
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be elements in A such that >| cy |* is convergent. Then there exists in 8 
an element t satisfying | t |? => | |*, (t,2,) = cy for all d. 


Proof. The proof is very much the same as that of Lemma 7 in [3], 
and consequently we shall not give full details. 


Write w,=|c,|*, w= Let an integer m be given. We apply 
[3], Lemma 5, to obtain a set {e;} of orthogonal projections in A with 
l.u. b. 1, and for each i a certain finite sum v; of w)’s such that 


(9) || — || < 


Write u; for }c,x), taken over the same finite set of A’s as were used in 
forming v;. We have | u; | S w, and so we may define tm in H by tm = > eit. 
The proof that {t,} is a Cauchy sequence (in the norm topology for H) 
does not differ materially from the corresponding portion of the proof of [3], 
Lemma 7, and we omit it. Let ¢ denote the limit of tm as m—>oo. We note 
that ujeS, tne S, and so teS. 

It remains to prove that ¢ has the two properties claimed for it in the 
lemma. We consider (ui,2,) and note that it is c,, if A is one of the sub- 
scripts occurring in the defining sum u; = > cy, and is 0 otherwise. In the 
latter case e; | c, |? is bounded by e;(w—v;), and so | ec, | < 1/m by (9). 
Also 

= ei, T.) = J (Ui, 


by Lemma 2. From this it follows that 
| 0), | 1/m 


always holds. Proceeding to the limit as m-—>0oo, we deduce (t,2,) = ¢). 
Again 


ej | |? = e;(> > €;U; ) = | U; = 


Since this holds for all 7 we deduce from (8) that w— | tm |? < m-*. Hence 
| ¢|*==w, and this completes the proof of Lemma 9. 


LemMa 10. Let H be an AW*-module, and T a homogeneous AW*-sub- 
module, with orthonormal basis {x,}. Then {x,} and T have the same ortho- 
gonal complement in H, Also, for any x in T, we have | x |? = | (a, x) |’. 


Proof. Given (x,y) =0 for all A, we have to prove (T,y) =0. We 
take re 7’, write (x, 7.) = cy, and observe that ¥ | c, |? converges (and is in 
fact bounded by || z ||?). Let ¢ be the element given us by Lemma 9. Then 
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t lies in the AW*-submodule generated by {x}, and a fortiori lies in 7’. 
We have that z—dt is orthogonal to every 2). From the definition of an 
orthonormal basis (as an orthonormal set whose orthogonal complement is 0), 
it follows that s—t—0. Again, the orthogonal complement of y is an 
AW*-submodule by Lemma 6; it contains {2,}, hence contains the AW*- 
submodules generated by {2,}, hence contains tz. We have proved 
(x,y) =0 and (T,y) =0. Moreover by Lemma 9 we also have 


THEOREM 3. Let H be an AW*-module, T an AW*-submodule, T’ its 
orthogonal complement. Then H=T 


Proof. The problem is to express an arbitrary element z of H as a sum 
of elements in T and 7’. We shall first make the additional assumption that 
T is homogeneous, say with orthonormal basis {2}. Write (z,27,) =, and 
observe that > | c) |? is convergent, being in fact bounded by || z ||’. Let ¢ be 
the element of T provided by Lemma 9, with (¢, = (z, 2) for all A. By 
Iemma 10, is in 7’. Thus z = ¢ + (z— ?) is the desired decomposition. 


Next we observe that we may assume that 7 is faithful. For if eA is 
the annihilator of 7, we perform the decomposition H = eH + (1—e)H, 
place eH in 7’ and work inside (1—e)H. Finally we apply Theorem 1 to 
obtain a set {e;} of orthogonal projections in A with 1. u.b. 1, and such that 
each e;7' is a homogeneous AW*-module over e;A. We may then decompose 
ez into a sum 2; + y; of elements in e;T and e¢7”. Since | 2; || = || z ||, the 
elements x; may be strung together to form z in 7’; similarly the elements y; 


yield y in 7’, andz—=a2+¥y. 


THeoreM 4. Let A be a commutative AW*-algebra. Then any two 


S-homogeneous AW*-modules over A are isomorphic. 


Proof. Let H and K be the modules, {7} and {y,} their respective 
orthonormal bases. For 2 in H we set c, = (a,x) and then by Lemma 9 
find y in K with (y,y,) =c¢,. By Lemmas 9 and 10 the mapping r—> y 
is one-to-one, onto, and preserves the norm ||. By the usual polarization 
argument, the mapping also preserves the inner product. Since it is evi- 


dently a module isomorphism, the theorem is proved. 


7. Functionals. Let H be an AW*-module over A. As is appropriate 
in the present context, we define a functional on H to be a module homo- 
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morphism of H into A. We shall devote the present section to showing that 
H is self-dual in the same way that Hilbert space is. 
We begin with the easy observation that elements of H give rise to 


functionals in the appropriate way. 


Lemma 11. Let x be an element of an AW*-module H. Then the 


functional on H given by y— (y,@) has precisely norm || x |. 


Proof. That the norm is at most | 2 || follows from the Schwartz 


inequality. On the other hand, the particular case yz shows that the 


norm is at least || z ||. 


We next note a boundedness criterion that will be used later. With 
the aid of Lemma 11, it is an immediate consequence of Banach’s uniform 
boundedness theorem ([1], p. 80). 


Lemma 12. Let R be a subset of an AW*-module H, and suppose that 
for every y in H the set (R,y) ts bounded. Then R is bounded. 


THEOREM 5. Let H be an AW*-module, f a continuous function on H. 
Then there exists a (unique) element x in H such that 


(10) f(y) = (y, 
for all y in H. 


Proof. Let N be the kernel of f; by Lemma 7, N is an AW*-submodule 
of H. We apply the decomposition of Theorem 3: H=N@.N’. It is 
enough to prove Theorem 5 for the functional f restricted to N’. For if we 
find ae N’ satisfying (10) for all y in N’, (10) will automatica'ly be ful- 
filled also for y in N. Thus, after a change of notation we can assume that 
f is faithful on H. 


We shall next reduce the problem to the case where H is faithful. For 
let eA be the annihilator of H. We have ef(y) =f(ey) =0 for all y in H, 
that is, the range of f is automatically in (1—e)A. So we may as well 
consider f as a functional on H with the latter regarded as a faithful module 
over (1—e)A. 

It being now assumed that H is faithful, we apply Lemma 5 to get an 
element z with (z,z) =1. The next step of the argument is to prove that 
the orthogonal complement of z is 0. Suppose on the contrary that (z,w) = 0 
with w+0. We shall derive a contradiction by two suitable applications 
of Lemma 4. The first application is to the element w, and yields a non- 
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zero projection e, such that e,|w| is a regular element of e,A. We have 
|e2|—e: 0. Since f is faithful, f(e.z) A0. We drop down to a pro- 
jection e, Se, such that f(e.2) is a regular element of e,A. Observe that 
ew cannot be 0. There exists an element b such that bf (ez) = ef(w), 
whence f(be.z — e.w) = 0, be.z = e.w. On taking inner products with e.w 
in this last equation we get 0, since z and w are orthogonal. This yields the 
contradiction e.w = 0. 

To complete the proof of Theorem 5 we set «—f(z)*z. For any y in 
H we have that y— (y,z)z is orthogonal to z, and, by the preceding para- 
graph, vanishes. Hence f(y) = (y,z)f(z) = (y,@), as desired. 


8. Existence of the adjoint. We are now in a position to establish that 
the existence of the adjoint of an operator is equivalent to continuity. 


THEOREM 6. Let H be an AW*-module and T a module homomorphism 
of H into itself. Then T is continuous if and only if it has an adjoint. 


Proof. Suppose that 7 is continuous. For fixed z in H the mapping 
y— (yT,z) is a continuous functional on H. By Theorem 5 this functional 
is induced by an element of H, and this element is our choice for z7*. That 
T* is the desired adjoint of 7 is subject to direct verification. 


Suppose that 7’ has an adjoint T*. To prove that T is continuous it 
suffices to show that 7’ is bounded on the unit sphere R of H. By Lemma 12 
it is enough’to know that RT is bounded when the inner product is taken 
with a fixedelement y. But the equation (RT, y) = (R, yT*) gives us the 
explicit bound || y7* || for || (RT, y) |. 

The algebra of bounded operators on H is thus a Banach algebra 
possessing a**-operation with the usual algebraic properties, and Lemma 1 
tells us that the equation || 7'7* || = || T' ||? is satisfied. It has recently been 
proved that these properties suffice to make B a C*-algebra (to be sure, it 
would not be difficult here to verify directly that 1+ 77* has an inverse). 

We shall shortly prove that B is actually a very special kind of C*-algebra, 


namely an AlV*-algebra of type 7; and every AW*-algebra of type I arises 
in this way. 


9. Abelian projections. Let B be the algebra of bounded operators on 
an AW*-module H. We call an element EF in B a projection if it is a self- 
adjoint idempotent: H? = 7, E* =F. A projection gives rise to the decom- 
position HH @ H(1—F) of H into the range and null space of H, and 
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conversely to every AW*-submodule of H there corresponds in this way a 
projection (Theorem 3). We say that Z is abelian if HBE is commutative, 
and in the next lemma we give a precise determination of the abelian 


projections. 


Lemma 13. Let H be an AW*-module over A. Let y be an element of 
H with | y | a projection in A. Then the operator E defined by cE = (2, y)y 
is an abelian projection. Conversely every abelian projection arises in this way. 


Proof. Since | y| is a projection, we have (y,y)y=y. It follows that 
rE? so that is an idempotent. We compute 


(rH, z) = (2, 2H) = (2, y) (y, 2), 
rtETEUE = (x,y) (yT, y) y)y = cEUETE 
for any operators T, UV. Hence £ is an abelian projection. 


Conversely suppose that # is an abelian projection. HE is an AW*- 
submodule of H; if we write its annihilator as (1 —e)A, then HE# is faithful 
over eA, and by Lemma 5 we may find an element y in HE with | y| =e. 
It should be noted that e acts as unit element on HE. We propose to show 
that = (2, y)y for all in H. Write z = — (2, y)y, and observe that 


ez = 2H =z. Also 
(2, y) = y) — (a, y) = (a, — y) = 9. 
We define the operators T and U on H bv 
wl = (w,y)z, wu = (w,z)y. 
We verify readily that ETE —=T, FUE =U. Since E£E is abelian, T and U 
commute. Hence 
wTU =uUT = (w, y) (2,2) y = 2) (y, y)2 = (w, 2) ez = 2) 2. 


On setting w =z and recalling that (z,y) = 0, we find that z—0. This 


completes the proof of the lemma. 
10. The algebra of operators. The next two theorems constitute the 
main results of the paper. 


THeorEeM 7. Let A be a commutative AW*-algebra, H a faithful AW*- 
module over A. Let B be the algebra of bounded operators on H. Then B 
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is an AW*-algebra of type I with center isomorphic to A. If H 1s 8-homo- 


geneous, so is B. 


Proof. We begin by identifying the center of B. Multiplication of H 
by an element of A obviously gives rise to a center element; we have to show 
that this exhausts the center. Let then T be a central operator. We impose 
the condition that it commutes with the operator r—>(z,y)z. The result is 
(cT, y)z = (x, y)zT. We take xz with (z,x) =1 by Lemma 5, and y 
Then 27 = («T,x)z, showing that T is simply multiplication by (27, x). 


Next we shall show that B is an AW*-algebra (it being recalled that we 
already know B to be a C*-algebra). For this purpose the official axioms in 
[2] turn out to be slightly inconvenient. A better axiom is the following: 
the right annihilator in B of any subset of B is of the form HB with # a 
projection. (It is implicit in the discussion of §7 of [2] that this axiom 
characterizes AW*-algebras among C*-algebras). Now the right annihilator 
of any element of B coincides with the annihilator of its range. So the 
problem comes to this: given a subset RP of H, prove that the annihilator of R 
is of the form HB. Since the kernel of any bounded operator is an AW*- 
submodule (Lemma 7), the annihilator of # coincides with the annihilator 
of the AW*-submodule (say R,) generated by R. Form the orthogonal 
decomposition H = R, © Rk, (Theorem 3), and define H to be 0 on R,, the 
identity on R,. Then # is a projection, and the annihilator of R, is 
manifestly HB. 

Lemma 13 shows that B possesses abelian projections in abundance, and 
the same is plainly true for any direct summand of B. Hence B is an 
AW*-algebra of type I. 

Finally suppose that H is S-homogeneous, say with orthonormal basis 
{r,}. Define operators Fy, Fy, by 


= (2, 2), yy == (2, 2) 


By Lemma 13, the £)’s are abelian projections, and they are plainly ortho- 
gonal. Since no non-zero element of H is annihilated by all the 2)’s, it follows 
that no non-zero element is annihilated by all the /)’s, whence the 1. u. b. of 
the F}’s is the identity operator. Finally £),/,, =F), and so the F)’s are 
equivalent. This shows that B is 8-homogeneous and completes the proof of 


Theorem 7. 


THeoREM 8. Let B be an AW*-algebra of type I, and e an abelian 
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projection in B, not annihilated by any non-zero central element of B.° 
Then eB is in a natural way a faithful AW*-module over eBe, and when B 
is represented by right multiplication on eB, it gives rise to precisely all 
bounded (module) operators on eB. 


Proof. Since ¢ is abelian, eBe is a commutative AW*-algebra, and so is 
eligible to admit AW*-modules. We define the inner product on eB as 
(ex, ey) = exy*e. It is then routine to verify that eB is indeed an AW*- 
module over eBe. The action of eBe on eB coincides with that of the center 
of B ([3], Lemma 10), and hence eB is a faithful AW*-module. The right 
annihilator of eB within B is generated by a central projection ([2], Th. 2. 3, 
Cor. 1) and sois0. Thus the elements of B are faithfully represented by right 
multiplication on eB. That these right multiplications are bounded (module) 
operators on eB is clear. It only remains to be seen that B coincides with 
the full algebra (say B,) of bounded operators on eB; we recall that by 
Theorem 7, B, is also an AW*-algebra of tvpe J. The proof that B = B, will 
be carried out in two steps, the first of which is to show that B contains all 
abelian projections in B,. Now by Lemma 13, any abelian projection in B, 
has the form ex — (ez, ey)ey = exy*ey for a certain element ey in eB. But 
right multiplication by y*ey has exactly the same effect. Hence this abelian 


projection is already in B. 
The final step of the proof will be separated out as a lemma. 


LemMA 14. Let B, be an AW*-algebra of type I. Let B be a sub-C*- 
algebra of B,, and suppose that B is itself an AW*-algebra.° Suppose further 
that B contains all the abelian projections in B,. Then B= B,. 


Proof. The argument is essentially the same as that used in [3], 
Lemma 1. We first note that it suffices to prove that B contains an arbitrary 
projection f of B,, for B, is generated by its projections. Exhibit f as a 
l.u.b. (in B,) of abelian projections {g;}. By hypothesis the g’s are in B, 
and there they have a possibly different lu.b.hk. It is clear that at least 
h=f. If h—f is non-zero, it contains an abelian projection k, which will 
lie in B. Since k is orthogonal to f, it is orthogonal to each g;, and hence 
to h, a contradiction. Hence h =f, as desired. 

From the point of view of the structure of AW*-algebras, the main fact 


to be recorded is the following: 


5 Such an abelian projection always exists in an AW*-algebra of type I. 
° We are carefully avoiding any suggestion that B is assumed to be an AW*-sub- 
algebra in the sense of [3]. 
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Corottary. Let a commutative AW*-algebra A and a cardinal number 
8 be given. Then there exists an S-homogeneous AW*-algebra of type I, 
with center isomorphic to A, and it is unique up to *-1somorphism. 


11. Derivations. A derivation of an algebra is a linear transformation 
a—da’ satisfying (ab)’=a’b + ab’. The mapping a — ax — za is the inner 


derivation by z. We shall prove: 
THEOREM 9. Every derivation of an AW*-algebra of type I is inner. 


The following lemma (for which I am indebted to I. M. Singer) will 


be needed. 


LEMMA 15. Every derivation of a commutative C*-algebra with unit is 
y ] 


identically 0. 


Proof. It is enough to prove that the derivation vanishes on the general 
self-adjoint element x. Let M be a maximal ideal. We have to prove 
v’(M) =0. Write y=x—zx(M)1. In any derivation of a ring with unit, 
1’=0; hence y’ =a. Write y as a difference of positive elements, say 
y=u—v. Then u = w? for a suitable element w, and w, like u, will vanish 
at M. Since u’ = (w?)’ = 2ww’, we have u’(M) =0. Similarly v’'(M) —0, 
and so y’(M) = a’(M) as desired. 


Proof of Theorem 9. Let B be the algebra, and select an abelian pro- 
jection e which is not annihilated by any non-zero central element. Our 
first step is to normalize the derivation so as to vanish on e. From e? ~e 
we derive ee’ + e’e =e’. Left and right multiplication by e yields ee’e = 0. 
Set y = ee’ — e’e. We compute that ey — ye = ee’ + e’e =e’. Hence if we 
subtract from the given drivation the inner derivation by y, we get a deriva- 
tion vanishing on e. Consequently in the rest of the proof we may assume 


e’ =0. 


From this we derive (eb)’ = eb’, so that the derivation induces a linear 
transformation (say 7’) on eB. Also (ebe)’ = eb’e, i.e. there is an induced 
derivation on eBe. By Lemma 15 this derivation is 0. This implies that T 
is a module homomorphism of eB, with eB being regarded as an AW*-module 
over eBe. 

The next step is to prove that 7’ is continuous. By Theorem 6 it suffices 


* The proof is easily modified to avoid the assumption of a unit element. 
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to prove that T has an adjoint. The desired adjoint T* is in fact given 
simply by 7* ——T, for the equation 


(ebT, ec) = (eb, ecI*) — (eb, ecT) 


reduces to eb’c*e + ebc*’e = 0, and this is a consequence of (ebc*e)’ = 0. 


By Theorem 8, the operator T on eB coincides with right multiplication 
by a suitable element xz of B. ~ We claim that the given derivation coincides 
with the inner derivation by x, that is, a’ —ar—a for all a in B. Since 
right multiplication on eB is faithful, it is enough to prove this after an 
application to the general element eb of eB. That is, we seek to prove 


(11) eba’ = ebax — ebza. 


But ebx = eb’ and ebax = e(ba)’ = eb’a + ea’b. On substituting these into 
the right side of (11) we accomplish the identification with the left side. 


12. Automorphisms. In this final section we shall prove the theorem 
on automorphisms that was mentioned at the beginning of the paper. 


THEOREM 10. Let B be an AW*-algebra of type I. Then any auto- 
morphism of B leaving the center elementwise fixed is inner. 


Let the automorphism be P. We begin as in Theorem 9, selecting an 
abelian projection e which is not annihilated by any non-zero central element. 
We examine the element eP, and observe that it is at any rate an idempotent. 
It is presumably not self-adjoint. This technical obstacle is overcome by a 


lemma valid in arbitrary C*-algebras. 


Lemma 16. Let f be an idempotent in an arbitrary C*-algebra with 
unit. Then f is similar to a projection, that is, there exists a regular element 
p such that p“fp ts self-adjoint. 


Proof. Let F(t) be a continuous real function of the real variable ¢, 
satisfying F(0) —0, F(t) =1 fort{=1. Define p=1+f—F(f*f). It 
should no doubt be susceptible to direct verification that this element p does 
the trick ; but we shall prove it by invoking the theory of polynomial identities. 
We drop down to the closed subalgebra D generated by 1, f and f*. According 
to [4], Lemma 5, the C*-algebra D satisfies the identity that is characteristic 
of two by two matrices. It follows that every primitive image of D is either 
one or four-dimensional. Thus it is enough to carry out the computation for 
the case of two by two matrices. If the element f is either 0 or 1, then p= 1, 
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as it ought to be. Otherwise f is an idempotent of rank one, and we may 


choose an orthonormal basis such that 


The remainder of the computation goes as follows: 


rs 


We now complete the proof of Theorem 10. By Lemma 16, an inner 
automorphism can be applied to the element eP so as to make it self-adjoint. 
Thus after a change of notation, we can assume that eP itself is self-adjoint. 
Like e it will be an abelian projection not annihilated by anything in the 
center. So [3], Lemma 19, applies to tell us that e and eP are equivalent 
projections. One knows that for finite projections equivalence implies the 
existence of a unitary element carrying one projection into the other; this is 
a slight extension of Th. 5.7 of [2]. By another normalization we may thus 
assume eP =e. Since eBe Ze, Z the center of B ([3], Lemma 10), 
P leaves eBe elementwise invariant. It follows that P induces a module 
homomorphism of eB into itself. This module homomorphism is continuous ; 
indeed by [5], Th. 5.4, P is continuous on all of B.S The final steps in the 
proof go as in Theorem 9. By Theorem 8, the operation of P on eB coincides 
with right multiplication by an element x. Along with this, the element 2* 
corresponds to the automorphism P-*. To see that P coincides with the inner 
automorphism by z it is enough to check aP = x 'ax when applied to eb € eB. 
But 

ebatax = e(bP-')ax = e[ (bp)a]P = eb(aP). 


This concludes the proof of Theorem 10. 


Remarks. 1. A slight extension of the argument in Theorem 10 proves 
the following : any automorphism of an A W*-algebra of type I can be expressed 
as the product of an inner automorphism and a *-automorphism. In this 
version the result may be true for arbitrary C*-algebras. 


8 The continuity of P on eB may also be proved by an explicit construction of its 


adjoint. 
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2. If D is a continuous derivation of a Banach algebra, then e? = >| D"/n! 
is meaningful and is in fact an automorphism. For C*-algebras it can be 
seen that e? leaves the center elementwise fixed. Professor Singer (letter to 
the author) has proved the following: if e? is inner, so is D. This shows that 
from Theorem 10 we can get Theorem 9, restricted to continuous derivations. 
It is to be observed that in proving Theorem 9 we did not discover the 
derivation to be continuous till the very end of the proof. At any rate, this 
focuses attention on the following interesting problem: is every derivation 
of a C*-algebra automatically continuous? 
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A NOTE ON LIE k SYSTEM AUTOMORPHISMS.* 


By J. K. GOLDHABER. 


The object of this note is to generalize the following two theorems: 


Jacosson and Ricxart [8]. Let & be a simple Lie ring in which 
[2,2] ~0. Then any Lie triple system homomorphism of & onto itself is 
either a Lie homomorhpism or anti-homomorphism. 


JAcoBson [2]. Let UW be a central simple associative algebra of order n* 
over an arbitrary field § of characteristic p. Any Lie automorphism of UW has 
either the form A— + (r- trace A)J, 
or A>—T"A’T + (r- trace A)I, nr—1~0 where is an anti- 
automorhpism of U over & and I is the identity of WU. 


Let 2 be a Lie ring which admits a field % as an operator domain. 
y is said to be a Lie & system automorphism of & if y is a one to one 
mapping of & onto itself which is linear, i.e. 


oA,)¥ = a,A¥;, a. 
for a,e %, Aye &, and is such that 


for 


THEOREM 1. Let 2 be a simple Lie ring over a field & such that 
[2,2] ~0. If wis a Lie k system automorphism of 2 then py =dr® where 
® is a Lie automorphism of 2 and d is a (k —1)st root of unity. 


A® is defined by AX® —AA?® for all Ac &. We note that if A — 1 (— 1) 
then y itself is a Lie automorphism (anti-automorphism) of &. 

Let A 1,2,- be a complete set of (k —1)st roots of 
unity and let Jt, be the set of all finite sums of elements of the form 
[A,A2]¥ with (If does not contain all the (k —1)st 
roots of unity then we may extend % to a field %’ containing all these roots and 
y may be extended in an obvious manner to a mapping of & over 3.) We shall 


* Received February 11, 1953; in revised form, August 11, 1953. 
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show that each is an ideal of and that = 0. 
Theorem 1 will then be shown to follow easily. 

We show now that [9),,, 2] Since is simple and [X, 2] ~ 0, 
and since 2Y¥ = & it follows that if Le¢& then Z is a sum of elements of the 
form -]Z%.], with Lie. But now, 


Hence [[A,A2]¥—A,[A¥,A¥.], L] eM, In the above calculations use has 
been made of the Jacobi identity [[AB]C] + [[BC]A] + [[CA]B] = 0. 
It has thus been shown that 9, is an ideal of & 


We now show that [9t),, It,,] consists of all finite sums of the form 


22 ]¥] — (Ar + Az) 
For 
= A124 22]¥] — [[A%1A¥ 2: [A124 22]¥] 
— 0] ] + [A%11A% 1] [A%12A% 20] J. 


The desired result will be established as soon as it is shown that 


As above, if Z e« 2 then there exist L; ¢ 2 such that Z is a sum of elements of 
the form - = WM. But then if we expand [B, M] 
and use the fact that y preserves Lie & products we find that it is equal to 
zero. The desired equality then follows from the simplicity of &. 

An induction argument may now be used to show that 


consists of all finite sums of elements of the form 


A NOTE ON LIE k SYSTEM AUTOMORPHISMS. 


Since the A; form a complete set of (4 —1)st roots of unity it is true that 
all the elementary symmetric functions of the 4 except J] A; are zero, the 
latter being equal to (—1)*. Furthermore we may show in a manner 


similar to the one used above that 


| 29 | | “| |]. 


But then it follows that [[9y,, 0. Now since the My, 
are ideals of 2 and since & is simple it follows that one of the 2, = 0. 
But then we have that for some (k—1)st root of unity, A, and for all 
A,e X [A,Az|¥ (We note parenthetically that this indicates that 
@ over % must admit A as a multiplicative operator; i.e. we may consider A as 
belonging to %.) Then —A[A,A2]¥ = = | 
and Ay = © where @ is a Lie automorphism of &. Hence y = A~@ as desired. 

It may be of interest to state Theorem 1 in the following equivalent 


form: 


THEOREM la. Let 2 be as in Theorem 1. Let Gy, be the group of all 
Ine k system automorphisms of 2 and let © be the group of all Ine auto- 
morphisms of 2. Then § is an invariant subgroup of Gy, and &,/H ts 
isomorphic with the multiplicative group of the (k—1)st roots of unity 
which are contained in the ground field &. 


We now generalize Jacobson’s theorem concerning the structure of Lie 
automorphisms of simple algebras to Lie & system automorphisms of semi- 


simple separable algebras. 


THEOREM 2. Let © be a semi-simple separable algebra over an arbitrary 
field & of characteristic p. To every simple component WU of © there corre-. 
sponds a simple component B, isomorphic with U, such that any Lie k system 
automorhpism of S has on U either of the following two forms: 


I. A—A[B-+ (rtrace B)I] + (trace B)Z, 
II. A—A[—B’-+ (r trace B’)I] + (trace B’)Z r=—0,1,---,p—1 
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where A—>B(B’) is an isomorphism (anti-isomorphism) of U and B, A a 
(k —1)st root of unity, and Z an element of the center of S — &. 


Let & be a splitting field for S. Then + Mi. +--+ + Mn 
where the 9; are total matric algebras over &. It will be sufficient to 
determine the form of a Lie & system automorphism, y, on each Mii. 


Let V, be a non-zero linear subset of DY’ —[M, Mt] where Mi is a total 
k-1 
matric algebra. Let V; = - -|M]V;.]. If the degree of Mt is 


not equal to zero in the base field then Mv’ is simple [2, Theorem 7] and it 
follows that there exists a positive integer gq such that V;—WM’. If the 
degree of 9 equals zero a computational argument may be used to show that 
the same result holds provided it is assumed that V, contains an element 


not in the center of Mt. 

Henceforth we use the notation y(A) instead of A¥. 

Suppose now that for some Me MW; = MV, + Mm where 
M;e Mt; and where M;, (say) does not belong to the center of Yt;. Then there 
exist Mt, (j =1,2,°- such that 


(but not in the center of Mt,). Since y is one to one there exist S;e © such 
that y(S;) = M,;. But then 


and 
[L[ 3h, Mis | Mie] € 


Hence if there exists an Me Mt; such that y(J/) has a non-central projection 
in then there exists an M’ eM’; such that y(M’) not in 
the center of Wt). 

Let V, be the set spanned by M’. If V; is defined as above then 
¥(V;) SM, for 1,2,---. It follows that y(M’;) M,. But we 
also have y(DV;) = B",; for now let V, be the set of all elements in Mt’, 
which are not the maps of any element in 9’; Suppose that V, is not 
empty. Then V, has a basis such that the inverse image, y¥~1, of any element 
in this basis has 0 as its M;-th component. Since V,— Mi’, it follows that 
every element of 0’; is the map of an element of © whose Mj-th component 
is zero. In view of the facts that y is one to one and that y(DY;) = DY, 
this is impossible. Hence V, is empty and y(M’;) = Mn. (This argument 
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holds only for the case that Mt’, is Lie simple. A different argument must 
be used in the case that the degree of Yt, is 0 in the base field.) We note 
furthermore that this implies that Yt; and Mt, have the same order and hence 
they are isomorphic. 

Now let F.; be a basis for Yt;. From the above it follows that p(s) 
cannot have a non-central projection vutside of Yt,. Furthermore since 
E's, — Ex ¢ DV; it also follows that the part of y(Hss) which lies outside of 
M, is the same for all s. Hence =Js+Z where J, M, and Z 
is in the center of G—Mt,. We have thus shown that for all Me Mi; 
y(M) = (M) + (trace M)Z where © is a Lie & system isomorphism of Nt’; 
onto Mi’,. Since Yt; and Mt, are isomorphic the theorem now follows easily 
from Theorem 1 and Jacobson’s theorem. 


CoroLuary. Let © be a semi-simple separable algebra over & such that 
the principal degrees of the simple components of S are all distinct and all 
different from zero in %. If wis a Ine automorphism of S which leaves the 
elements of the center invariant then wy is an automorphism of GS. 


CORNELL UNIVERSITY. 


REFERENCES. 


[1] N. Jacobson, “ Simple Lie algebras over a field of characteristic zero,” Duke Mathe- 
matical Journal, vol. 4 (1938), pp. 534-551. 

[2] , “Classes of restricted Lie algebras of characteristic p, I,” American Journal 
of Mathematics, vol. 63 (1941), pp. 481-515. 

[3] and C. E. Rickart, “ Jordan homomorphism of rings,” Transactions of the 
American Mathematical Society, vol. 69 (1950), pp. 479-502. 


\ 
H 
| 
i 

| 

| 

{ 

| 

| 

H 


THE STRUCTURE OF A CERTAIN CLASS OF RINGS.* 


By I. N. HERsTEIN. 


In [2], [8] and [4] we considered certain fairly general assumptions 
which, when imposed on a given ring, rendered it commutative. In this 
paper we carry this type of investigation further and extend the previously 
obtained results. 

Let RP be a ring with center Z. For ae R, p(t) will denote a polynomial 
in the indeterminate ¢ having rational integers as coefficients, where we 
further suppose that these coefficients are functions of a. Then p,(a) will 
denote that ring element in R which is obtained upon substituting a for ¢ in 
the formal polynomial p(t). 

In this paper we consider rings with the property that for every ae Rh 
there exists such a polynomial p,(¢) so that a*pq(a) —a is in Z. For this 
class of rings we prove the 


THeoreM. If R is a ring with center Z such that for every ac R there 


exists a polynomial pa(t) such that a*pa(a) —aeZ, then R is commutative. 


This result subsumes that of [4], for there pa(t) =i”. For poly- 
nomials having linear terms it is a generalization of the theorem, using a 
fixed polynomial, proved for semi-simple rings by Kaplansky [7]. As 
Kaplansky pointed out by an example, generalizations which do not involve 
polynomials with linear terms would probably require fairly restrictive 


hpotheses. 


1. A field theoretic theorem. We begin with a theorem concerning 
fields. This will be applied to study the division ring case of our theorem. 


THEOREM 1. Let K DZ, KAZ be two fields with K being a finite 
extension of Z. Suppose that for every ae K there exists a polynomial pa(t) 
with integral coefficients so that a™**pqa(a) —ateZ (r >0 depending on a). 
Then Z is of characteristic pA 0 and either (1) K is purely inseparable over 
Z or (2) Z, and so K, is algebraic over its prime field. 


* Received April 13, 1953. 
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Proof. Let us suppose that K is not purely inseparable over Z. If K is 
of characteristic 0 or if Z is of characteristic p 0 but is not algebraic over 
its prime field, then by a theorem of Nakayama [8] there exist two (non- 
archimedean) valuations V, and V. which differ on K but coincide on Z. 
Thus there is an xe K such that V,(r7) ~V.(7). Without loss of generality 


we may assume that V,(2) > 0, for otherwise we would use x! instead of 2. 


Since these two valuations coincide on Z, they must induce the same valuation 
on P, the prime field of Z. If P is finite, then Vi(p) = 0 for all pe P, since 
V; is then a trivial valuation on P. If P is the field of rational numbers, 
then V; induces some p-adic valuation on P, so Vi(n) = 0 for all integers n. 
Now ¢ = 2"*'p(x) — a" eZ, where p(x) is a polynomial with integral coeffi- 
cients; thus V,(a) = V.(a). Since Vi(x) >0 and V,(n) 2 0 for n; an 
integer, rV,(x) = V,(2") < Vi(nar*t) = Vi (mi) + (r+4)Vi(z). Thus 
V,(a) = Vi(a") = rV,(x). Similarly V.(«) = rV.(x). Then V,(a) = V.(a) 
forces V,(2) = V;(x), a contradiction. So Z must be both of characteristic 
pO and algebraic over its prime field. This completes the proof of 
Theorem 1. 


In a certain sense this theorem is a generalization of a result due to 
Ikeda [5]. He assumes that the polynomial p,(t) have fixed integral 
coefficients, but, on the other hand, does not require that the term of lowest 
degree should have coefficient + 1. 


2. The semi-simple case. We apply Theorem 1 to prove 


THEOREM 2. If D ts a division ring with center Z such that a™**pa(a) 
—a'eZ (r > 0 depending on a) for every ae R, then D is commutative. 


Proof. If D is not commutative, by a theorem of Noether (as generalized 
by Jacobson [6]), there exists an element a ¢ Z, ae D, which is separable over 
Z. Consider K —Z(a). The conditions of Theorem 1 hold true for the 
two fields K D> Z, and since K is not purely inseparable over Z, Z must be 
of characteristic p ~ 0 and algebraic over its prime field. D is thus algebraic 
over its prime field, which is a finite field. This possibility is ruled out by a 
theorem of Jacobson [6] which states that there are no non-commutative 
algebraic division algebras over a finite field. D is thus a commutative field. 

For general rings we cannot get by with the “ liberal ” conditions on 
Theorem 2; we must assume that r—1. All the rings R henceforth con- 
sidered in this paper will be such that a*pq(a) —aeZ, pa(t) a polynomial 
with integral coefficients, for every a in R. 
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Lemma 3. If ae R is nilpotent then aeZ. 


For suppose a*"=0. Since a*p,(a) —aeZ, 


[a*p: (a) —a*pi (4) = a*p2(4) —a*p, (a) 


a*"pn(a) € Z, we obtain, by addition, a*"*p,(a) —aeZ. Since 
a*" = 0, it follows that ae Z. 
An immediate consequence of Lemma 3 is 


Lemma 4. If ee R and e? =e, then ee Z. 


For (xe — exe)” = (ex — exe)” = 0 for all ce R. By Lemma 3 both 
xze—exe and ex—eze are then in Z. So 0 = e(re — exe) = (xe — exe)e 
= re — exe, and likewise ex — ere = 0, hence re = ev. 

Using these two lemmas we are able to establish 


TuEorEM 5. If R is primitive then it is a commutative field. 


Proof. Since R is a primitive ring it possesses a maximal right ideal p 
which contains no non-zero ideal of R (by ideal we mean here and hence- 
forth a two-sided ideal). Let aep. Thus b—a’pa(a)—aepNnZ. Since 
beZ, bR C p is an ideal of R, so DR = (0). Since # is primitive this is 
only possible if b = 0, that is, if a?pa(a) =a. But then e—ap,(a) is an 
idempotent and is in p; moreover by Lemma 4 ¢e is in Z. Thus eR C p is an 
ideal of R, so again eR = (0). This forces a—ae=—0. That is, (0) is a 
maximal right ideal of R. Since # is primitive, it must be a division ring, 
and so it is a commutative field by Theorem 2. 


As an immediate corollary we have the corollary: If R is semi-simple, 

then it is commutative. 

3. The general case. A ring is said to be subdirectly irreducible if 
the intersection of its non-zero ideals is a non zero-ideal. Every ring is 
isomorphic to a subdirect sum of subdirectly irreducible rings [1]. Since 
the property a°pq(a) —aeZ is preserved under a homomorphism, it is 
enough, in order to settle the general case, to establish it for the particular 
case in which Ff is a subdirectly irreducible ring. 

We henceforth assume that FR is a subdirectly irreducible ring with 
S ~ (0) the intersection of its non-zero ideals. Our purpose is to show that 
R is commutative. If R should be semi-simple, we know this to be so by the 
corollary of Theorem 5. We may then assume that the Jacobson radical, ./, 
of R is not the zero ideal. 
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Since J ~ (0) and is an ideal of R, by its very definition S C J, where 
S is the minimal ideal of R. As a ring by itself, S can be one of two types: 
either 9 is a trivial ring, that is, S? = (0), or S is a simple ring. In the 
latter case, since S is a simple radical ring, if S*4 (0), then S can have 
only a trivial center, Z = (0). This would lead to a*p,(a) =a for every a 
belonging to S. Then § would be a regular ring, and would therefore be 
semi-simple, contradicting the fact that 9 is a radical ring. The second 
alternative is, in this way, one which cannot actually occur, and we are left 
with S? = (0). All in all we have proved 


THEOREM 6. S?= (0). 
This, in conjunction with Lemma 3, immediately gives us 
THEOREM 7%. SCZ. 


Let A(S) = {xe R| Sx—(0)}. Then A(S) is an ideal of R, and 
since S C A(S) by Theorem 6, A(S) is not the zero ideal. 

Suppose z,yeh. For any seS steS CZ, so (sx)y—y(sr) = syz, 
since seZ. That is, s(~zy—yx) =0. Thus we have proved 


THEOREM 8. For all x,ye R, yr) e A(S). 


LemMMA 9. Jf ee R and e* ~e, then either e=0 or e=1 tf the ring 
possesses a unit element. 


Proof. Since e? =e, by Lemma 4 ee Z. Thus Re is an ideal of R. 


Similarly, V={reR|x=—re—r,reR} is also an ideal of R. But 
SC VN Re= (0) if VA (0) and Re~ (0), a contradiction. So either 
‘VY = (0) or Re = (0), proving the lemma. 


LemMA 10. Jf p ts a non-zero right ideal of R, then S C p. Likewise, 
if A is a non-zero left-tdeal of R, S CX. 


Proof. LetxAO0ep. Then If y=0 then 
x°p,(x) = x ~ 0, which leads to e = xp,(x) a non-zero idempotent; but then 
= 1 by Lemma 9, so 1€ p, and p = in which case vacuously S C p. 
If Ry ~ (0), then it is an ideal of R and is contained in p, so S C Ry C p. 
We have only one situation left to consider, namely Ry—0, y~0. But 
then T = {be R | Rb = (0)} is a non-zero ideal of R; a simple check yields 
that TM p C p is also a non-zero ideal of R (non-zero, since ye TN p). 
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Hence 8S CTMpCp. Clearly, an analogous argument establishes the result 


in case of a non-zero left ideal. 
A key result for the later results of this paper is 
THEoreM 11. If ae A(S), then aeZ. 


Proof. Suppose thatae A(S) andagZ. For some ye kh, v = ay — ya 
~0. If Rv~ (0), then S C Rv, by Lemma 10. So if sA0eS, then 
s=rv=—r(ay—ya) forsomere Rk. Let b= v*p,(v) —veZ. Then 
for if 60, then vp,(v) is a non-zero idempotent, hence 1, by Lemma 9; 
this situation is impossible, since ve A(S) is a zero-divisor, by Theorem 8. 
We may thus assume that b~0. Since ae A(S), O—sa—rva. But 
knowing that ve A(S) we also have that rba = — rva, so rba = 0. However, 
beZ, so 0—=rba=rab. That is, 0 —rav*p,(v) —rav or, equivalently, 
(rav) (vpy(v)) = rav. 

Let V={xeR| xvp,(v) =2}. Then V is a left-ideal of R, so if 
V ~(0) we would have that S C V by Lemma 10. That is, if sA0eS, 
sUpy(v) =s; this, together with ve A(S), would yield 0 As = svp,(v) = 0, 
a contradiction. We are forced to conclude that V = (0). As a consequence, 
0 = rav = ra(ay — ya), since rave V. Similarly ra"(ay— ya) =0 for all 
n = 1. Now r(a*y — ya?) = r[a(ay — ya) + (ay — ya)a] = 0 + sa = 0, since 
aeA(S). Since r(a'y—ya') =r[a**(ay— ya) + — an 
obvious induction leads to r(a'y — ya‘) = 0 for allt = 2. Since 


n 
a*pa(a) —a => aa'—aeZ, 


i=2 


where the a are rational integers, 


ay — ya = > aj (a'y — ya*) 


and so 


OAs =r(ay— ya) => ar(aiy — yat) =0 


by the above remarks. Since this is impossible, we conclude that Rv = (0). 
But then v? = (ay—ya)*=0, so ay—yaeZ, by Lemma 3. Since 
R(ay— ya) = (ay— ya)R = (0), a(ay—ya) =0= (ay—ya)a. Thus 
a°y = Continuing in this way we obtain a‘y = ya‘ for allt = 2. Thus 


ay — ya = > — ya‘) = 0, 


contradicting ay— ya+0. Theorem 11 is thereby established. 
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Although it is but a special case of Theorem 11, for future use we 


single out 
THEOREM 12. For all c,yeR, cry—yredZ. 


This is immediate from the fact that ry—yxeA(S) by Theorem 8 
together with Theorem 11. Theorem 11 also yields 


THEOREM 13. If R=A(S), then R is commutative. 
From now on we assume that A(S) AR. 
Lemma 14. If sA0eS, then Rs=S. 


For if se 8, then se Z, so Rs is an ideal of Rand Rs C 8S. If Rs = (0), 
then T = {xeR| Rx=(0)} is a non-zero ideal of R, so SCT, and 
RS = (0) —SR. This implies that A(S) = R, a situation we have already 
settled and ruled out. Thus Rs~ (0), and soS CRs CS. 

We can now prove 


THEOREM 15. R/A(S) ts a field. 
Proof. Suppose that xe R, x¢ A(S). 


If then sx~0, for se —0 implies = (0), and so, by 
Lemma 14, Sx = (0), implying the false result ce A(S). Since sx 40S, 
using Lemma 14 again, Rsr = 8. For some ye R we have s = = 
sinceseZ. Lete—yz. For all re R, s(re—r) =0, so Rs(re—r) = (0), 
and so S(re—r) —0, hence re—reA(S). If wf A(S), the same argu- 
ment used in exhibiting e leads to the existence of a we R with uw —eeA(S). 
In this way R/A(S) is a division ring with e + A(S) as its unit element. 
Since all zy—yreA(S8), R/A(S) is commutative. All told, R/A(S) is 
a field. 

Let ace R,a¢ A(S). Suppose that q(t) is a polynomial of lowest positive 
degree having rational integer coefficients and that g(a) eZ. If a7¢Z, then 
ay — ya ~ 0 for some ye R. Now q(a)y — yq(a) =0, and since ay — yae Z 
by Theorem 12, 0 = q(a)y— yq(a) = q’(a) (ay — ya), where q’(t) is the 
formal derivative of the polynomial g(t). Thus q’(a) is a zero-divisor; from 
this we conclude (as we have done in several proofs before) that q’(a) must 
be in A(S). Since A(S) CZ by Theorem 11, g(a) eZ. But since q(t) 
was the polynomial of least positive degree with q(a) eZ, it follows that 
q’(a) = an element of Z. Since 


= % + a,a", 
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where the «; are rational integers, 
g(a) 


Thus = 0 for alli >1. Now for some 1 > 1, since q(t) has 
positive degree, thus in R/A(S) ia;(a4)** = 0 with (a4)? Consequently, 
R/A(S) is of characteristic p+ 0. We have, in this discussion, proved 


THEOREM 16. R/A(S) is of characteristic p~0. 


Let P be the prime field of R—=R/A(S). Then P has p elements. 
Now if af A(S) and afZ, then ay—yaO0 for some yeR. Since 
n 
a*pa(a) — a= > aa'—aeZ, where the a; are rational integers 


(*) ( — y( aa‘) = ay — ya. 


However, ay — yae Z, so the left side becomes 
( (ay — ya) ; hence 


[( > iaa') —a](ay— ya) = 0, 


n 
by (*). Since ay— ya 0, ( > iaa') —a is a zero divisor, so must be in 


n 
A(S). In R/A(S) this leads to the equation > iaa‘—a—0, so @ is 


algebraic over the prime field P. P(d@) is thus a finite field. This, of course, 
implies that for some integer n(@) >1, @®—=—d4. In R this becomes 
a" —qaeA(S) CZ. If ag A(S) and aeZ, then obviously a" —aeZ. 
Likewise, if ae A(S), then ae Z, so a"%—aeZ. In other words, for all 
xe Rk, for some n(x) >1. By the main result of [4], R must 
be commutative. We have thus proved Theorem 17. If A(S) AR then R is 
commutative. 

Between Theorems 13 and 17 we have taken care of all possibilities when 


R is subdirectly irreducible. So we have 
THEOREM 18. If R is subdirectly irreducible then tt is commutative. 


Using the decomposition of a general ring as a subdirect sum of 


i=2 


THE STRUCTURE OF A CERTAIN CLASS OF RINGS. 871 


subdirectly irreducible ones we have completed the proof of the main theorem 


of the paper, namely 


THEorEM 19. If in R every element a satisfies a relation of the form 
a*pqg(a) —aeZ then R is commutative. 
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ERRATA. 


ERRATA. 


V. L. Shapiro, “ Square summation and localization of double trigono- 


metric series,” this JOURNAL, vol. 75, 347-357. 


Page 348, in Lemma 2, condition (i), read > instead of 
|M|=R IM|S 


instead of > 


Page 348, in Lemma 2, condition (ii), read 
[MSR 


Page 349, line 3 from below, read y, y > 0, instead of y, 6) = 0. 
Page 350, line 5 from above, read y, = 0 instead of 8,7 = 0. 


Page 553, line 13 from above, read &T./8y* instead of d'T./8*. 
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